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Ultra-Reliable Low-Latency Communication (URLLC) is a critical re-
quirement in next-generation wireless networks. URLLC plays a vital
role in enabling applications such as industrial automation, vehicu-
lar communications, and massive Internet of Things (IoT). This the-
sis investigates advanced multiple access techniques to improve the
reliability, efficiency, and deployability of URLLC systems, focusing
on two key schemes: Interleaved Frequency Division Multiple Access
(IFDMA) and Carrier Sense Multiple Access (CSMA). Additionally,
this thesis explores the use of AI-driven methodologies to accelerate
the deployment of URLLC systems on FPGA-based Software-Defined
Radios (SDRs).

First, this thesis addresses the computational challenges in IFDMA
systems. This thesis demonstrates that the complexity of Fast Fourier
Transform (FFT) computation in IFDMA can be significantly reduced
through a pruning algorithm tailored to the “compact” structure of
IFDMA transceivers. Building upon the pruned FFT model, a novel
scheduling strategy, referred to as the Multi-Priority Scheduling (MPS)
scheme, is proposed. MPS analyzes the precedence constraints within
the pruned FFT computation graph and optimizes the execution of
butterfly operations to improve processor utilization. The proposed
pruning and scheduling techniques substantially reduce computation

i



latency, making IFDMA more suitable for low-latency applications.
Second, this thesis tackles the problem of packet detection in CSMA,

a largely overlooked reliability issue despite the widespread adoption of
CSMA in machine-type communications. Traditional packet detection
algorithms, such as the Schmidl & Cox (S&C) method, suffer from an-
alytical intractability. To address this, this thesis introduces a novel
compensated autocorrelation metric to enable closed-form expressions
for both false-alarm and missed-detection probabilities, thereby allow-
ing rigorous performance evaluation. A Pareto-based benchmarking
methodology is also proposed to fairly compare detection algorithms
by jointly considering both error types. Furthermore, this thesis puts
forth a real-part-only variant of the S&C algorithm (RP-S&C), which
significantly enhances a CSMA system’s detection performance under
practical conditions by exploiting modern hardware’s improved oscil-
lator stability. This packet detection scheme is further extended to
multi-antenna systems and extensively evaluated in realistic distributed
antenna scenarios. These contributions greatly improve the robustness
of packet detection in CSMA-based URLLC systems.

Finally, this thesis explores the potential of Large Language Mod-
els (LLMs) to accelerate the development of FPGA-based URLLC
systems. Implementing advanced multiple access techniques in hard-
ware requires low-level programming in hardware description languages
(HDLs) such as Verilog, which is time-consuming and error-prone. To
overcome this challenge, this thesis introduces two novel prompting
strategies, i.e., Chain-of-Thought (CoT) reasoning and Iterative In-
Context Learning (IICL), to enhance LLMs’ ability to generate Verilog
code for signal processing modules. Case studies on FFTs demonstrate
that these prompting techniques can significantly improve LLM’s abil-
ity in generating Verilog codes, enabling more efficient deployment of
optimized multiple access systems.

In general, this thesis presents a comprehensive study for advanc-
ing multiple access in URLLC by optimizing IFDMA and CSMA pro-
tocols and leveraging AI-driven automation for hardware design. The
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proposed solutions contribute to the development of low-latency, high-
reliability wireless communication systems and facilitate the rapid re-
alization of next-generation network technologies.
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摘要

超可靠低时延（Ultra-Reliable Low-Latency Communication，URLLC）
是下一代无线网络的核心需求，在工业自动化、车联网通信和大规模

物联网（IoT）等关键应用中发挥着至关重要的作用。本文围绕两种
关键的多址接入技术–交错频分多址（Interleaved Frequency Division
Multiple Access，IFDMA）和载波侦听多址（Carrier Sense Multiple
Access，CSMA）展开研究，旨在提升 URLLC 系统的可靠性、效率
与可部署性。此外，本文还探索了基于人工智能的方法在 FPGA 平
台上加速 URLLC 系统部署的可能性，特别是在基于软件定义无线电
（SDR）的架构中。
首先，本文解决了 IFDMA系统中的计算复杂度问题。针对 IFDMA

收发器结构的“紧凑性”，设计了一种剪枝算法以降低快速傅里叶变

换（Fast Fourier Transform，FFT）的计算复杂度。在此基础上，本
文提出一种名为多优先级调度（Multi-Priority Scheduling，MPS）的
新型调度策略，分析剪枝后的 FFT 计算图中的优先关系，优化蝶形
运算的执行顺序，从而提升处理器资源的利用率。所提出的剪枝与调

度方法显著降低了 IFDMA 的计算时延，使其更适用于低时延场景。
其次，本文针对 CSMA 系统中被长期忽视的封包检测问题展开研

究。尽管 CSMA在机器类通信中被广泛采用，但传统的封包检测算法
（如 Schmidl & Cox方法）在理论分析上难以处理。为此，本文提出一
种新的“补偿自相关”检测指标，使得误警率与漏检率可以通过闭式

表达式精确计算，从而建立起严格的理论分析框架。同时，本文引入

基于帕累托最优性的基准评估方法，可公平比较不同检测算法在误警

与漏检之间的权衡效果。进一步地，本文提出实部自相关（RP-S&C）
算法，以利用现代硬件振荡器稳定性提升带来的优势，有效降低误警

率并提升检测性能。该检测方案还被推广至多天线系统，并在真实分
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布式天线场景下进行了系统评估，显著提升了 CSMA 系统中封包检
测的鲁棒性与可靠性。

最后，本文探索了利用大型语言模型（Large Language Models,
LLMs）加速 FPGA 平台上 URLLC 系统开发的潜力。由于硬件实现
过程中需要使用如 Verilog 等硬件描述语言（HDL）进行底层编程，
开发过程通常十分耗时且容易出错。为此，本文提出两种创新的提

示策略：链式思维（Chain-of-Thought, CoT）推理与迭代式上下文学
习（Iterative In-Context Learning, IICL），以增强 LLM 在自动生成
FPGA 信号处理模块代码方面的能力。以 FFT 模块为例的实验证明，
这些 AI 提示技术能显著提升 LLM 生成 Verilog 代码的质量和效率，
促进多址接入系统的快速部署。

综上所述，本文从 IFDMA 和 CSMA 两种接入方式出发，结合人
工智能辅助的硬件自动化设计，提出了一套完整的 URLLC 多址接入
优化框架。所提出的方法为构建低时延、高可靠的无线通信系统提供

了理论支撑与实践路径，推动了下一代网络技术的高效实现。
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Chapter 1

Introduction

Ultra-Reliable and Low-Latency Communication (URLLC) is a critical
communication paradigm envisioned for future wireless systems, un-
derpinning mission-critical applications such as industrial automation,
autonomous driving, and remote medical operations. These applica-
tions demand an unprecedented level of reliability and responsiveness
to ensure safe and efficient operation. While significant progress has
been made in achieving these goals within the framework of 5G/6G
standards, the exploration of alternative approaches tailored to diverse
application scenarios remains an important and open research direc-
tion.

This thesis focuses on advancing multiple access mechanisms to ad-
dress the unique challenges of URLLC in future wireless systems, which
are not confined to the traditional multiple access schemes defined in
the 3GPP 5G or future 6G standards but instead explore alternative
approaches tailored to diverse application scenarios and requirements.
By investigating the latency and reliability issues in Interleaved Fre-
quency Division Multiple Access (IFDMA) and Carrier Sense Multiple
Access (CSMA), as well as exploring the efficient implementation of
advanced multiple access techniques on hardware platforms, this work
explores the potential of leveraging alternative multiple access schemes
beyond the existing 3GPP standards to support future URLLC sys-
tems.

1
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1.1 Multiple Access for URLLC

A fundamental aspect of enabling URLLC is the efficient coordination
of how multiple devices access the wireless medium, commonly referred
to as multiple access. In wireless networks, multiple access schemes de-
termine how different users share time, frequency, and spatial resources
to transmit and receive data.

In non-URLLC applications, multiple access schemes are typically
optimized for higher spatial efficiency and throughput. URLLC, on
the other hand, introduces stringent requirements for reliability and
latency, necessitating multiple access solutions that go beyond tradi-
tional designs focusing on efficiency only. For example, access delays
caused by scheduling procedures, contention, or collisions can signifi-
cantly impact URLLC performance. As such, multiple access becomes
a critical enabler of URLLC, directly influencing how quickly and reli-
ably a device can communicate with another.

This thesis investigates three interconnected areas in the context of
multiple access for enabling URLLC, addressing both theoretical and
practical challenges. Each area targets a critical aspect of URLLC
systems, and together, they form a comprehensive framework for ad-
vancing multiple access techniques in URLLC.

To begin with, the thesis studies the latency issue in IFDMA, a
promising multiple access technique known for its low peak-to-average
power ratio (PAPR). This thesis reduces the computation latency in
IFDMA with a novel pruning algorithm (for reduced computational
workload) and a novel scheduling scheme (for enhanced computational
efficiency). These enhancements help IFDMA to better address the
stringent delay requirement of URLLC when deployed in future mission-
critical communication system.

Meanwhile, the thesis investigates the reliability issue in CSMA.
CSMA is a widely used multiple access scheme in machine-type commu-
nications, especially for scenarios requiring massive connectivity. Un-
like Time Division Multiple Access (TDMA), where resource allocation
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is deterministic and collision-free, CSMA employs a contention-based
approach where devices sense the channel before transmitting. While
this decentralized nature makes CSMA highly scalable and efficient
for many applications, it also introduces challenges in ensuring reliable
communication under URLLC constraints. One major issue is packet
detection, a critical step before packet decoding. This thesis notices
the reliability issue in CSMA and introduces 1) a novel compensated
autocorrelation metric, and 2) a real-part-only variant of the conven-
tional Schmidl & Cox (S&C) algorithm, referred to as the real-part
S&C (RP-S&C) algorithm, to improve packet detection accuracy in
CSMA systems. These research efforts are crucial for ensuring reliable
communication in random access systems under URLLC constraints.

Finally, the thesis explores the efficient realization of advanced mul-
tiple access algorithms on field-programmable gate array (FPGA) plat-
forms. While this part of the work does not directly address URLLC-
specific challenges, it represents an additional effort to bridge the gap
between theoretical advancements and practical deployment by accel-
erating the implementation of advanced signal processing algorithms
within a multiple access scheme on hardware platforms. Nowadays,
system prototyping has become an important research method to val-
idate novel algorithms in real-world scenarios. Demonstrating the ad-
vanced multiple access techniques developed in this thesis often re-
quires algorithm deployment on high-performance hardware platforms
such as FPGA. However, FPGA development is a time-consuming and
error-prone process due to the need for low-level hardware description
languages (HDLs). To address this, this thesis leverages the capabili-
ties of large language models (LLMs) to automate and accelerate the
FPGA development process. By introducing Chain-of-Thought (CoT)
reasoning and Iterative In-Context Learning (IICL) prompting strate-
gies, this work demonstrates how LLMs can generate high-quality Ver-
ilog code for complex signal processing modules, such as FFTs. These
techniques, while not directly tied to URLLC, serve as a complemen-
tary contribution by facilitating the rapid realization of the URLLC
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systems proposed in this thesis.
While the above three contributions may seem distinct in their fo-

cuses, they fundamentally transform existing multiple access mecha-
nisms from the latency and the reliability perspectives to improve their
performance in URLLC scenarios, ultimately converging on the critical
question of how to efficiently implement these algorithms in real-world
systems. Together, these contributions form a comprehensive investi-
gation on multiple access mechanism for URLLC, covering key aspects
ranging from algorithm designs to system implementations.

The following of the introduction chapter starts with an overview of
the two vital multiple access schemes to be investigated in this thesis,
and this is followed by a quick introduction of about the validation of
real-time URLLC systems on software-defined radio (SDR) platforms
built upon FPGA chips.

1.2 Interleaved Frequency Division Multiple Ac-
cess

IFDMA is a broadband signal modulation and multiple-access tech-
nology with significant potential for advanced wireless communication
systems. Compared with other widely adopted technologies, such as or-
thogonal FDMA (OFDMA) [2, 3], a salient feature of IFDMA is its in-
herently low Peak-to-Average Power Ratio (PAPR) [4], which makes it
highly energy-efficient and particularly suitable for power-constrained
devices, such as battery-powered IoT sensors and wearable devices.
This characteristic is also valuable in the context of URLLC, given that
high PAPR may also introduce strong nonlinearity at the RF power
amplifiers, significantly influencing the system’s signal integrity, which
plays a critical role in ensuring reliable communications.

Although IFDMA has not been adopted in current 3GPP standards,
its unique advantage in PAPR positions it as a promising candidate for
future wireless systems, particularly in scenarios requiring highly reli-
able performance under stringent energy constraints. By addressing
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the computational challenges associated with IFDMA implementation
and exploring its integration into emerging industrial and IoT applica-
tions, the research in this thesis lays the groundwork for unlocking its
full potential in next-generation communication networks.

Fig. 1.1 presents the experimental results of a previous study [1], in
which the PAPR of IFDMA is compared with 1) the PAPR of OFDMA,
a multiple access scheme known for its wide applications in 5G/6G
and the latest WiFi standard, and 2) the PAPR of localized FDMA,
which is known for its significantly lower PAPR than OFDMA. This
background experiment serves as a good illustration of IFDMA’s ad-
vantage in low PAPR, showing that IFDMA has a significantly reduced
PAPR performance compared to the widely used OFDMA and the ad-
vanced LFDMA scheme. This low-PAPR advantage brings lower sig-
nal distortion and higher power efficiency when the signal is amplified
by a power amplifier [5], making IFDMA a promising technology for
battery-charged portable communication devices such as smartphones
or laptops, in which energy efficiency is a very important concern [6].

Previous investigations of IFDMA focused mainly on the transceiver
complexity. In [1, 7], a new class of IFDMA transceivers that is signif-
icantly less complex than conventional IFDMA transceivers has been
developed. The design in [1, 7] allows a single IFFT/FFT module
to perform the multiplexing/demultiplexing of multiple IFDMA data
streams of different sizes, while conventional IFDMA transceivers re-
quire multiple IFFT/FFT modules for multiplexing/demultiplexing.
Fig. 1.2 illustrates the structure of conventional IFDMA transceivers.

This new IFDMA transceiver design, referred to as the “compact
IFDMA” to capture the fact that it performs IFDMA functions in a
compact and efficient manner, obviates the need to have IFFT/FFT
modules of different sizes to cater to different IFDMA data streams.
The key is to insert (for multiplexing at the transmitter) and extract
(for demultiplexing at the receiver) the IFDMA data streams at differ-
ent stages of the IFFT/FFT module according to their sizes.

We have noticed that, although [1] and [7] have laid down the theo-
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Figure 1.1: A background experiment conducted in [1], which compared
the PAPR of wireless signals transmitted by an IFDMA/LFDMA/OFDMA
system. Here the performance is measured by the complementary cumula-
tive distribution function (CCDF) of PAPR. CCDF is defined as the prob-
ability that the PAPR is higher than a certain threshold η0 in dB, i.e.,
Pr(PAPR>η0). From the image, we see that IFDMA has significantly lower
PAPR than the two counterparts. Readers are referred to Section V-B for
[1] for detailed configuration of the experiment presented.

Figure 1.2: The structure of a conventional IFDMA transceiver with only a
single stream, in which a N-point DFT plus a M-point IDFT are needed at
the transmitter side, and a M-point DFT plus a N-point IDFT are needed at
the receiver side [1]. If multiple users are considered, IDFTs of different sizes
are needed at the transmitter side, and DFTs of different sizes are needed
at the receiver side.
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retical foundation for compact IFDMA, its implementation in practical
hardware under a resource constraint, such as an application-specific
integrated circuit (ASIC) or an FPGA chip, presents several technical
challenges yet to be addressed. In [1, 7], the authors assumed perfect
parallelism in the compact IFDMA FFT computation (i.e., an unlim-
ited number of processors).

However, when the computation of IFDMA is to be implemented in
an ASIC or FPGA, having abundant hardware to process the butterfly
computations in parallel may not be possible, particularly when the
number of subcarriers is large. That is, saving the resource utilization
is a vital issue in ASIC or FPGA design [8], and the practical engi-
neering of compact IFDMA may be forced to use fewer processors for
butterfly computations. As a result, the amount of parallelism that
can be achieved is limited, making computation latency a major issue
for the IFDMA transceiver.

Using the FFT computation as a representative, Chapter 2 shows
how the latency issue can be addressed by 1) pruning the FFT structure
and 2) scheduling the butterfly computation processes within the FFT
module specially pruned for IFDMA. These investigations significantly
reduce the computation latency of IFDMA, making this energy-efficient
technique more suitable for URLLC applications.

1.3 Carrier Sense Multiple Access

Wireless random access protocols, such as CSMA, offer significant ad-
vantages for mission-critical applications [9]. Unlike centralized access
control mechanisms, CSMA enables massive machine-type communi-
cations (MTC) intrinsic to smart transportation or industrial networks
without requiring a predetermined transmission schedule. For instance,
in traffic monitoring systems, a sensor embedded within infrastructure
or onboard a vehicle may generate a new packet sporadically, such
as upon detecting an anomaly, and then transmit this information to
a central monitoring system through the wireless channel. In such
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cases, where transmission is rare and unpredictable, employing CSMA
is more efficient than preallocating dedicated wireless resources (e.g.,
time slots or subcarriers) to each sensor. Moreover, centralized access
mechanisms, such as TDMA or Frequency Division Multiple Access
(FDMA), become impractical when the number of connected devices
exceeds the available wireless resources.

While most research and development efforts for URLLC are cen-
tered around 5G technologies, this thesis investigates the feasibility
of achieving URLLC in the context of WiFi, which inherently adopts
CSMA as its underlying multiple access protocol. WiFi offers several
advantages, particularly in industrial environments where its operation
in unlicensed spectrum reduces deployment costs and enables flexible
and scalable deployments. However, ensuring reliability in WiFi-based
URLLC systems requires addressing the inherent challenges of CSMA.

In CSMA, a receiver does not know when a wireless device will
transmit a packet to it. To conserve power and avoid being wrongly
occupied, the packet decoding circuitry of a receiver should not get
activated unless a packet is being transmitted, i.e., the receiver needs
to detect the incoming packet before decoding it. Therefore, there are
two primary causes for reception failures in CSMA: 1) the payload of
the packet cannot be decoded due to noise or transmission errors, or
2) the payload of the packet can be decoded with advanced decoding
schemes, but the packet is not even detected.

A recent trend in the URLLC research is to use packets with short
payloads to reduce decoding error probability [10]. These research ef-
forts significantly overcome the first type of failure but ignore possible
reception failure in the packet detection process. This thesis is an at-
tempt to address the second type of failure and enhance the overall
reliability in CSMA networks. This thesis revisits the conventional
Schmidl-and-Cox (S&C) algorithm [11] widely applied as the underly-
ing scheme for many recent packet-detection studies [12, 13, 14, 15, 16,
17, 18, 19, 20, 21]. Chapter 3 of this thesis points out the limitations of
this conventional algorithm, as well as related prior works on the con-
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ventional detection algorithm, and puts forth novel solutions for these
limitations.

1.4 FPGA-Based Software-Defined Radio Systems
for Fast Prototyping

Systematic validation is an important next step after advanced multi-
ple access schemes are developed. In wireless communication research,
implementing a prototype on SDR platforms has always been a con-
venient way for the system validation. In recent years, FPGAs have
emerged as a popular SDR platform due to their significant reduction
of processing latency compared to the conventional Universal Software
Radio Peripheral (USRP) platform.

While FPGAs provide a versatile platform for system realization,
their implementation poses a much steeper learning curve than con-
ventional SDR platforms. Unlike traditional SDRs, for which high-
level languages like C or Python are commonly used, FPGAs demand
a more direct interaction with hardware through hardware descrip-
tion languages (HDLs) such as Verilog. The low-level programming,
as well as the synthesis-friendly programming style required in HDL
[22], necessitate a deep understanding of signal processing and internal
hardware operations, thus prolonging the development cycle of SDR
designs.

Recent advancements in large language models (LLMs) suggest a
potential AI-assisted solution to accelerate HDL developments. Prior
works have explored the use of LLMs for automated bug repairs [23],
basic Verilog coding abilities [24], power-performance-area (PPA) op-
timization [25], and the realization of sequential logic circuits such as
an 8-bit shift register [26].

These preliminary studies demonstrated LLMs’ ability in generating
simple HDL codes for small atomic computation tasks. But signal-
processing algorithms in wireless SDRs are far more complex than these
simple computational tasks demonstrated in prior works. Realizing
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wireless signal-processing algorithms requires highly parallel processing
(for real-time operations) and involves many complex mathematical
computations.

Whether LLMs can successfully implement intricate signal-processing
algorithms remains an open question. This thesis investigates the im-
plementation of the FFT algorithm as a case study to assess the ability
of LLMs in realizing intricate signal-processing algorithms for wireless
communication. Two primary challenges are identified: 1) handling
complex mathematical problems that require multi-step reasoning and
2) scheduling the execution of sub-modules within the complex hard-
ware structure. Chapter 4 of this thesis explains these two challenges
in details and provides our novel solutions to address these challenges.

1.5 Thesis Organization

The remainder of the thesis is organized as follows: Chapter 2 in-
troduces the design and analysis of an IFDMA system with a novel
FFT pruning scheme and an efficient scheduling algorithm for butterfly
computation within the IFDMA FFT hardware realization, which con-
tribute significantly to reduce the computation latency in an IFDMA
system. In Chapter 3, this thesis addresses the packet-detection chal-
lenges in CSMA for enhanced system reliability. Chapter 4 investigates
the feasibility of using LLMs to assist the implementation of advanced
wireless communication systems on high-speed FPGA-based SDR plat-
forms. Finally, Chapter 5 summarizes the thesis and discusses future
works.



Chapter 2

Efficient FFT Computation
in IFDMA

2.1 Background

Interleaved Frequency Division Multiple Access (IFDMA) is a broad-
band signal modulation and multiple-access technology for advanced
wireless communications systems. Compared with other similar tech-
nologies [2, 3], such as Orthogonal FDMA (OFDMA), a salient feature
of IFDMA is that its signal has a low Peak-to-Average Power Ratio
(PAPR) [4]. The low PAPR of IFDMA brings about low signal distor-
tion and high power efficiency when amplified by a power amplifier [5],
making it a promising “green technology” for future wireless commu-
nications systems in which energy efficiency is a concern [6]. For the
widespread deployment of IFDMA, however, the complexity of IFDMA
transceivers needs to be minimized.

Recently, researcher in IFDMA have put forth a new class of IFDMA
transceivers that is significantly less complex than conventional IFDMA
transceivers [1, 7]. In essence, the design in [1, 7] allows a single
IFFT/FFT module to perform the multiplexing/demultiplexing of mul-
tiple IFDMA data streams of different sizes, obviating the need to have
IFFT/FFT modules of different sizes to cater to different IFDMA data
streams. The key is to insert (for multiplexing at the transmitter) and

11
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extract (for demultiplexing at the receiver) the IFDMA data streams
at different stages of the IFFT/FFT module according to their sizes.

In this thesis, we refer to the IFDMA transceiver design in [1, 7]
as “compact IFDMA” to capture the fact that it performs IFDMA
functions in a compact and efficient manner. And we refer to the
specially designed IFFT/FFT in compact IFDMA as “compact IFDMA
IFFT/FFT”.

Although [1, 7] have laid down the theoretical foundation for com-
pact IFDMA, its implementation in specific hardware (e.g., ASIC and
FPGA) under resource constraints presents several technical challenges
yet to be addressed. In [1, 7], the authors assumed perfect parallelism
in the compact IFDMA FFT computation (i.e., unlimited number of
processors). However, when the computation is to be implemented in
an ASIC or FPGA, having abundant hardware to process the butterfly
computations in parallel may not be possible, particularly when the
number of subcarriers is large. Saving the die area is a vital issue in
chip design [8], and the engineering design may be forced to use fewer
processors for butterfly computations. Consequently, the amount of
parallelism that can be achieved is limited, and scheduling the butter-
fly computation processes in compact IFDMA IFFT/FFT to minimize
the computation latency is an issue.

Although mature hardware implementations of conventional IFFT
and FFT are available [27, 28, 29], they are not well matched to the
compact IFDMA IFFT/FFT structure. As will be verified by the ex-
perimental results in Chapter 2.5.2, conventional IFFT/FFT imple-
mentations incur a much longer computation latency than the specially
designed compact IFDMA IFFT/FFT in this thesis.

To achieve low latency, the proposed IFDMA IFFT/FFT imple-
mentation schedules the butterfly computations within an IFFT/FFT
network by taking into account 1) the precedence relationships among
the butterfly computations; and 2) the fact that not all butterfly com-
putations within a full IFFT/FFT network need to be executed in the
multiplexing and demultiplexing of IFDMA data streams.
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This chapter focuses on the design of compact IFDMA FFT and
skips the design of IFFT. The Cooley-Tukey FFT and IFFT have simi-
lar decomposition structures, and the design of compact IFDMA IFFT
is similar to that of FFT. Interested readers are referred to Section
IV and Secction V of [1] for details on the slight differences between
compact IFDMA FFT and IFFT.

2.1.1 Quick Review and Motivation

Let us first briefly review how the compact IFDMA receiver works.
Consider a scenario in which there are three users, A, B, and C, in an
eight-subcarrier IFDMA system. Users A, B, and C require four sub-
carriers, three subcarriers, and one subcarrier, respectively. With the
resource allocation scheme expounded in [7], a four-subcarrier IFDMA
stream A1 is assigned to user A; a two-subcarrier IFDMA stream B1
plus a single-subcarrier IFDMA stream B2 are assigned to user B; and
a single-subcarrier IFDMA stream C1 is assigned to user C. Fig. 2.1
shows the receiver’s FFT [1] responsible for extracting/demultiplexing
the respective IFDMA streams from the IFDMA signals.
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The black arrow indicates a tap bus that can extract the wanted IFDMA data from different FFT stages.

Figure 2.1: An example on how the receiver extracts/demultiplexes the
IFDMA data streams embedded in IFDMA signals.

As illustrated in Fig. 2.1, not all butterfly computations need to
be executed. For example, data stream A1 can be extracted after the
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first-stage butterfly computations associated with it. The required data
are extracted by four tap buses, bypassing the subsequent butterfly
computations. Black arrows indicate the tap busses in Fig. 2.1 (details
on the tap bus design can be found in Fig. 7 of [1]). Besides A1,
Fig. 2.1 also shows the early extraction of B1. In general, only the
IFDMA streams with one subcarrier need to go through the full FFT
operations from the first stage to the last stage. In Fig. 2.1, all the
butterfly computations outside the blue dashed line can be pruned.

In general, the butterfly computations that can be omitted depend
on the users’ subcarrier allocation. Fig. 2.2 shows another example, in
which two users (A and B) are each allocated four subcarriers. During
the operation of an IFDMA system, users may come and go, and their
subcarrier demands may vary from time to time. This calls for a quick
scheduling algorithm to determine the order of the butterfly compu-
tations in accordance with the active IFDMA subcarrier allocation at
any moment in time, with the target of minimizing the computation
latency.
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Figure 2.2: An example on a compact IFDMA FFT network with two users.

Conventional FFT implementations, however, are too rigid to serve
the scheduling purpose in compact IFDMA FFT. Three conventional
FFT implementations are the serial FFT implementation [27], the
pipelined FFT implementation [28], and the parallel FFT implemen-
tation [29]. In these implementations, butterfly computations are exe-
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cuted in a fixed and rigid manner, i.e., from left to right, and from top to
bottom. Although these fixed schedules work well in conventional FFTs
that execute all butterfly computations, the pruned FFT structure re-
sulting from compact IFDMA is less regular because the numbers of
butterfly computations needed at different stages are different depend-
ing on the subcarrier allocations to the IFDMA data streams. The
implication is that to fully exploit the potential efficiency that arises
from the pruned butterfly computations, the remaining unpruned but-
terfly computations need to be scheduled carefully to reduce the time
needed to finish the job. Otherwise, in the worst case, the time re-
quired would still be the same as that in the conventional FFT due
to the precedence constraints among the remaining unpruned butterfly
computations.

This chapter centers on a flexible computation scheduling algorithm
tailored for IFDMA FFT. In general, task scheduling refers to the
scheduling of a set of tasks with precedence relationships among them.
A task cannot proceed before the inputs of the task are available, and
the inputs of one task may be outputs of some preceding tasks. If we
treat each butterfly computation as a task, it is then obvious that there
are precedence relationships among the butterfly computations in the
structure of the FFT. The precedence relationships can be captured
by a directed acyclic graph (DAG) in which the vertexes are the tasks,
and the directed edges indicate the precedence relationships between
tasks. We refer to this special precedence graph as the FFT precedence
graph.

In FPGA implementation, for example, we could design a cus-
tomized butterfly computation processor and have a fixed number of
such processors within the FPGA. The goal of the scheduling algorithm
is to find an execution order for the tasks that can minimize the over-
all IFDMA FFT computation, subject to constraints of the precedence
relationships and the number of processors.

The general scheduling problem is NP-complete. However, we will
provide evidence that the scheduling algorithm for IFDMA FFT is
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near-optimal. The algorithm 1) works well with arbitrary numbers of
processors; 2) works well for random subcarrier allocations; and 3) has
much lower computation time than conventional FFT implementations.

2.1.2 Related Works

Task scheduling subject to precedence constraints is tough in general.
Karp first studied this problem in his seminal paper [30], where the task
scheduling problem is reduced to a 3-satisfiability (3SAT) problem and
proved to be one of the first 21 NP-complete problems. Subsequently,
[31] found that task scheduling to minimize the computation time sub-
ject to a fixed number of processors and a uniform task processing time
is also NP-complete. The scheduling problem in this thesis, unlike the
general scheduling problem, is specific to the FFT precedence graph
resulting from the IFDMA pruned FFT.

The first category of prior works concerns task scheduling in con-
ventional unpruned FFT with the objective of computation speedup
over specialized hardware. For example, [32] improved the butterfly
task scheduling in a very-long-instruction-word (VLIW) digital sig-
nal processors (DSP) chip using a software pipelining technique called
modulo scheduling. This scheduling algorithm exploits the instruction-
level parallelism (ILP) feature in the VLIW DSP platform to schedule
multiple loop iterations in an overlapping manner [33]. In [34, 35],
the authors put forth the celebrated Fastest Fourier Transform in the
West (FFTW) C library for the FFT implementation on multiproces-
sor computers. Other works like UHFFT [36] and SPIRAL [37] also
contributed to the FFT implementation on multiprocessor computers
and DSP chips. What distinguishes this work from the above works
is that the design here considers pruned FFT arising from compact
IFDMA.

Another category of prior works concerns task scheduling in pruned
FFT [38, 39, 40, 41, 42], but not that arising from compact IFDMA.
A key difference that distinguishes this work from these prior works is
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that for IFDMA, we want selected intermediate data at various stages
inside the FFT flow graph. These intermediate data extractions, and
the grouping of the intermediate data, bring forth a completely new
structure for the pruned FFT.

Three types of conventional FFT pruning schemes were studied in
previous works. The first is input-pruned FFT [38], where some com-
putations can be eliminated when the FFT inputs have many zeros.
The second is output-pruned FFT [39], where some computations can
be eliminated when some of the FFT outputs are not needed. The
third combines the aforementioned input pruning and output pruning
[40]. In short, the above FFT pruning works take away the inputs
with no data and take away the outputs not required. In [41], the
authors studied the scheduling problem when many FFT inputs are
zero. In [42] , the authors investigated the efficient task scheduling in
OFDMA applications, where only a small number of the FFT outputs
are wanted by a user.

In the FFT implementation for IFDMA applications, however, we
want to extract selected data at various stages within the FFT flow
graph. In the context of the complete FFT computation, these are
intermediate computation results rather than the final outputs. For
example, in Fig. 2.1, four intermediate outputs of the first-stage but-
terfly computations are wanted for IFDMA stream A1. That leads to
a very different structure than pruned graphs studied by prior works.
The new FFT pruning structure calls for new scheduling algorithms
that can exploit the particular structure induced by IFDMA.

2.1.3 Contributions and Findings

We summarize the thesis’s contributions in this chapter as follows. To
begin with, we developed a new type of FFT pruning scheme tailored
to IFDMA transceivers. Further, we put forth an algorithm, referred
to as multi-priority scheduling (MPS), to find a optimal task execu-
tion schedule for compact IFDMA FFT in terms of computation time.



CHAPTER 2. EFFICIENT FFT COMPUTATION IN IFDMA 18

To establish the near optimality of MPS, we derive an analytical lower
bound for the computation time and show that MPS can almost always
find schedules that meet the lower bound. We refer to the FFT com-
putation scheduled by MPS as MPS-FFT. We conducted large-scale
experiments to comprehensively study the performance of MPS-FFT
with up to 1024 subcarriers. Two key experimental results of MPS-FFT
are as follows:

1) When the number of processors is a power of two, MPS-FFT subject
to a randomly selected IFDMA subcarrier allocation can reach the
computation-time lower bound with probability approaching one.
Quantitatively, the probability is larger than ξ0+1

√
0.05, where ξ0 is

more than 2.5 million.

2) When the number of processors is arbitrary, MPS-FFT subject to
a randomly selected IFDMA subcarrier allocation can reach the
computation-time lower bound with probability of at least 98.70%.
In the few cases that fail to reach the lower bound, the computation
time is at most 6% larger than the lower bound.

Experiments also demonstrate that MPS-FFT has a much shorter
computation time than the conventional FFT schemes do. The speedup
achieved by MPS-FFT can be attributed to two factors: (i) the prun-
ing scheme of MPS-FFT reduces more than 11.21% of the butterfly
computations on average; (ii) MPS-FFT of 64-point or larger sizes
have a more than 98.42% processor utilization rate when the number
of processors is a power-of-two, almost twice higher than conventional
FFT implementations with the same number of processors. Thanks
to the above two benefits, the computation time of MPS-FFT with a
number of power-of-two processors reduces the computation time of
conventional FFTs with the same number of processors by 59.86% on
average.
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2.2 Definitions and Problem Formulation

2.2.1 Problem Formulation

We consider an N -point FFT in a compact IFDMA receiver. In the
FFT network, there are n = log2N FFT stages, with each stage having
2n−1 butterfly tasks.

For IFDMA subcarrier allocation, it is convenient to first map sub-
carriers to “bins” through a bit-reversal mapping so that the subcarrier
indexes, after bit reversal, become the bin indexes, and subcarrier al-
location becomes bin allocation (see Section III of [7] on bit-reverse
index mapping of subcarriers to bins). This mapping process allows
an IFDMA stream to be allocated consecutive bins that correspond to
regularly-interspersed subcarriers, as is needed for the IFDMA stream.

A bin allocation can be expressed by an ordered list {S0, S1, ...SR−1},
where R is the number of IFDMA streams, and Sr (r = 0, ..., R − 1) is
the set of bins allocated to IFDMA stream r. Fig. 2.3 gives an exam-
ple of the construction of the FFT precedence graph given an IFDMA
bin allocation. Fig. 2.3(a) shows a specific bin allocation for a sys-
tem with 16 subcarriers and 11 IFDMA streams. IFDMA stream 0
is allocated the bins S0 = {0, 1, 2, 3}, IFDMA stream 1 is allocated
the bins S1 = {4, 5}, and so on. Fig. 2.3(b) shows the corresponding
IFDMA FFT network for the receiver, where the green boxes are the
places from which the data of the IFDMA streams are extracted. Fig.
2.3(c) shows the corresponding FFT precedence graph. A vertex in the
precedence graph corresponds to a 2× 2 butterfly computation in the
FFT network.

We next explain how the precedence graph in Fig. 2.3(c) is ob-
tained. Consider stage i (i = 0, 1, ..., log2 N − 1) of the FFT network.
We denote task j (j = 0, 1, ..., N/2 − 1) and FFT output k (k =

0, 1, ...N − 1) at stage i by vi,j and di,k, respectively. With respect
to Fig. 2.3(b), the butterfly computation in blue corresponds to task
6 (enumerating from top to bottom) at stage 2 (enumerating from left
to right). Thus, the task is written as v2,6, and the outputs of this task
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Figure 2.3: An example to illustrate how to obtain an FFT precedence graph
given {S0, S1, ...SR−1}.

are written as d2,12 and d2,14. The index k in di,k is labeled from top to
bottom, with k = 0 corresponding to a rectangular box at the top and
k = 15 corresponding to a rectangular box at the bottom.

Let D denote the set of desired FFT outputs of all IFDMA streams,
i.e., green boxes in Fig. 2.3(b). Further, let V denote the set of tasks
that need to be executed to obtain these desired FFT outputs. The
precedence graph in Fig. 2.3(c) is obtained as follows.

In Fig. 2.3(b), to obtain output d3,8 required by IFDMA stream
S3, task v3,4 needs to be completed. However, before task v3,4 can be
executed, tasks v2,4 and v2,5 need to be executed first, because their
outputs d2,8 and d2,9 are inputs to v3,4. Further, before v2,4 and v2,5

can be executed, some tasks in the prior stage need to be executed,
and so on and so forth. In Fig. 2.3(b), we mark all of the butterflies
that need to be executed to obtain d3,8 in pink. The vertexes in Fig.
2.3(c) that correspond to these butterfly tasks are also pink. By tracing
backward from the desired IFDMA stream outputs, we can obtain all
the tasks that need to be executed and the precedence relationships
between them to arrive at the overall precedence graph.
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We note that every task except those at stage 0 requires the outputs
of two specific tasks in the prior stage as its inputs, and the task cannot
be executed unless these two preceding tasks are completed first. We
define the concept of parent vertex and child vertex as follows:

Definition 1 (Parent Vertex and Child Vertex). If vi+1,j0 cannot be
executed unless vi,j1 and vi,j2 are completed, we refer to vi+1,j0 as a child
of vi,j1 and vi,j2. Tasks vi,j1 and vi,j2 are referred to as parents of vi+1,j0.

Formally, we define the FFT precedence graph together with its
associated notations as follows:

Definition 2 (FFT Precedence Graph). A precedence graph G(V,E)

describes the task dependencies between a set of tasks, where

1) Vertex vi,j ∈ V represents task (i, j) within V .

2) There is an edge (vi,j1 → vi+1,j2) ∈ E if task vi,j1 must be executed
before task vi+1,j2 can be executed, i.e., vi,j1 is a parent of vi+1,j2.

Since butterfly tasks are executed by processors with the same ca-
pacity, the processing times of tasks are the same (i.e., each vertex in
the precedence graph takes the same amount of time to execute). We
refer to the execution time of a task as one time slot.

With the above backdrop, we define the compact IFDMA FFT
scheduling problem as follows:

Definition 3 (The FFT Scheduling Problem in Compact IFDMA).
Given

1) an FFT precedence graph G(V,E) associated with a set of IFDMA
streams together with their bin allocations, and

2) M processors, each of which can complete one task in exactly one
time slot,

The problem is to determine a task-execution schedule X = (χ0, ..., χT−1),
where χt is the set of tasks to be executed in time slot t, and T is the
completion time of the collection of tasks, such that,
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1) the precedence relationships are satisfied;

2) there are no more than M tasks in each of χt, and
⋃
t

χt consists of
all the tasks in the precedence graph;

3) T is minimized.

Henceforth, unless stated otherwise, we refer to the above FFT
scheduling problem in compact IFDMA systems simply as the “schedul-
ing problem”. We refer to an algorithm to solve the scheduling problem
as a “scheduling algorithm”.

Remark 1. The schedule X = (χ0, ..., χT−1), once determined, may
be reused for a duration of time. The reason is as follows. In many
applications, the set of IFDMA streams remains the same for a duration
of time. As long as the bin allocations do not change, the subcarriers
used by each of the streams remain the same. Each stream uses the same
subcarriers to transmit its successive IFDMA symbols. An IFDMA
FFT needs to be computed for each symbol period for the collection
of IFDMA streams. However, the precedence graph remains the same
for the successive FFTs. Thus, once we obtain schedule X, the same
schedule can be used to perform the IFDMA FFT for the successive
IFDMA symbols. In particular, there is no need to compute X and
build new FFT precedence graphs repeatedly. If the set of IFDMA
streams changes (e.g., an IFDMA stream ends and leaves, or a new
IFDMA stream arrives to join the existing IFDMA stream), a new
schedule X will need to be computed.

Remark 2. We make two practical assumptions by transforming the
efficient execution of FFT computation within an IFDMA transceiver
into the problem formulation above. First, we assume that all subcarri-
ers are fully loaded in the IFDMA system, i.e., all bins are allocated to
a user. This assumption simplifies the construction of the FFT prece-
dence graph, and it is practical since the service provider can always
use zero padding if the IFDMA system is not fully loaded. To remove
this assumption, the process of constructing the FFT precedence graph,
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illustrated in Fig. 2.3, would need to be revised. However, this does
not affect our scheduling algorithm, as it can take any feasible FFT
precedence graph as input. In other words, removing the “fully loaded”
assumption does not impact the major contribution of this paper – it
only requires an additional steps in the transformation between user bin
allocation and the FFT precedence graph. Moreover, if the fully loaded
assumption were removed, we could expect a lower computation latency
in general, given that more butterfly computations could be pruned with
the non-fully-loaded setup. Second, regarding the transceiver imple-
mentation on FPGA or ASIC, we assume that the FFT computation
in compact IFDMA is “computation bounded”rather than “communi-
cation bounded”. This implies that the latency caused by “sending the
output of one butterfly computation from one processor to another pro-
cessor as input”is significantly lower than the time required to perform
the butterfly computation itself. This assumption allows us to focus
only on the computational aspect within the chip. It is highly practical,
considering that internal buses within an FPGA/ASIC chip provide
a communication bandwidth exceeding 10 Gbps [43], while the output
of a butterfly computation is just two complex numbers requiring only
several bytes for representation, taking several nanoseconds for trans-
mission between different processors only. The time consumption of
a butterfly computation, on the other hand, takes significantly longer
time (see Appendix E for detailed analysis, using an eight-point Xilinx
FFT IP core as an example). Given this background, the “computation
bounded”assumption is both practical and reasonable.

2.2.2 Feasibility of a Task-execution Schedule

We next describe a step-by-step procedure to check whether a given
task-execution schedule X = {χ0, ..., χT−1} is feasible according to cri-
teria 1) and 2) in Definition 3. The propsoed scheduling algorithm (to
be described later) follows this step-by-step procedure to construct the
schedule to make sure it adheres to the feasibility criteria in each step
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of the way. In essence, the step-by-step procedure starts with χ0 and
proceed progressively to χ1, χ2, ..., updating the precedence graph along
the way to make sure that the precedence relationships are obeyed each
step of the way.

Consider the beginning of time slot t, the vertexes in χt must have
no parents and there are no more than M tasks in χt. If this is not
satisfied, then the schedule X is not feasible. If χt passes the test, we
then remove the vertexes in χt together with their output edges from
the precedence graph. The updated precedence graph is used to check
the feasibility of χt+1. We say that X is a feasible schedule if and only
if the precedence graph is nil after vertex removal in time slot T − 1.

2.2.3 Optimality of a Heuristic Scheduling Algorithm

Given a feasible schedule X, the next question one may ask is whether
the schedule is optimal in that the overall computation time T is min-
imized. Recall from the introduction that the scheduling problems as-
sociated with the general non-FFT precedence graph have been proven
to be NP-complete [30, 31]. Designing good heuristic algorithms for
them with provable bounds is challenging.

The FFT precedence graphs, however, are specific precedence graphs
with a regular structure. Chapter 2.3.2 gives a heuristic algorithm
that solves the FFT scheduling problem to produce a schedule X =

{χ0, ..., χT−1}. Chapter 2.4 gives a lower bound on T (denoted by TL)
for a given FFT precedence graph. Chapter 2.5.2 shows by experiments
that the proposed scheduling algorithm, MPS, when given a randomly
selected subcarrier allocation instance (note: each subcarrier allocation
instance can be mapped to a corresponding FFT precedence graph),
can find a schedule that can reach the computation-time lower bound
with very high probability.

We characterize the optimality of a scheduling algorithm by a duple
(ηn,M , γn,M) defined as follows. For a given FFT scheduling problem
with 2n subcarriers and M processors, if a scheduling algorithm pro-
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duces a feasible schedule X with T = TL, then the schedule is optimal.
Among all subcarrier allocation instances tested, we denote the per-
centage of schedules produced by a heuristic algorithm that satisfies
T = TL by ηn,M . Specifically,

ηn,M = E
[
Pr(T = TL)

]
(2.1)

where Pr(·) is the probability of an event, and E[·] is the expectation
of a random variable. The probability of finding the optimal schedule
for a random subcarrier allocation instance is no less than ηn,M (note
that T > TL does not mean the schedule is not optimal, since TL is
just a lower bound).

For the remaining 1− ηn,M fraction of the schedules with T > TL,
the gap between T and the best possible computation time T ∗ is T −
T ∗ ≤ T−TL. The percentage gap between T and T ∗ is (T − T ∗)/T ∗ <(
T − TL

)
/TL . We define

γn,M = E
[(
T − TL

)
/TL

]
(2.2)

to be the upper bound of the expected percentage gap, i.e., the average
percentage gap between T and T ∗ is no more than γn,M .

The input to a scheduling algorithm is an FFT precedence graph.
As far as scheduling algorithms are concerned, FFT precedence graphs
that are isomorphic to each other are equivalent. If a scheduling al-
gorithm finds the optimal schedule for an FFT precedence graph, the
optimal scheduling also applies to an isomorphic FFT precedence graph
after an isomorphic transformation. Appendix A delves into the iso-
morphism of FFT precedence graphs.

When running experiments over scheduling algorithms by subject-
ing them to different FFT precedence graphs, it would be desirable to
remove isomorphism so that graphs with many isomorphic instances
are not over-represented.

We denote the complete set of FFT precedence graphs by Fn, wherein
all elements are non-isomorphic. The cardinality of Fn is written as fn.
We refer to the bin allocations that lead to isomorphic FFT prece-
dence graphs as isomorphic bin allocations. Among isomorphic bin
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allocations, we only select one to put into Fn. We refer the reader to
Appendix A on how we do so.

Appendix B explains the principle to generate the complete set of
non-isomorphic instances Fn for various n. When fn is not large, it
is not an issue to use Fn, the complete set, as the test set to conduct
experiments and obtain ηn,M and γn,M . However, as shown in Appendix
B, fn becomes prohibitively large when n is more than 6. Table 2.1
lists the fn values for various n, which are also derived in Appendix B.

Table 2.1: Number of non-isomorphic instances for various n

n N fn n N fn

1 2 2 6 64 2598061

2 4 4 7 128 3.3750E + 12

3 8 11 8 256 5.6952E + 24

4 16 67 9 512 1.6218E + 49

5 32 2279 10 1024 1.3151E + 98

As shown, when n ≥ 7, the number of instances in Fn is so large that
it is impractical to generate all the instances and use the complete set
of non-isomorphic instances as the test set. Hence, for n ≥ 7, instead
of the full set Fn, we randomly generate a subset of Fn (referred to as
F

′
n) to serve as the test set. Appendix C explains how we randomly

generate the subset of non-isomorphic instances for n ≥ 7.
For n ≥ 7, we can perform tests on F

′
n and characterize (ηn,M , γn,M)

statistically. We first consider ηn,M . For a 2n-point IFDMA FFT with
M available processors, we randomly sample ξ0 instances with replace-
ment from Fn. Define Yξ1 to be the event that ξ1 of the ξ0 instances are
instances for which the heuristic algorithm can find a solution reaching
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the lower bound. The conditional probability of Yξ1 given ηn,M is

P (Yξ1|ηn,M) =
(
ξ0

ξ1

)
ηξ1n,M(1− ηn,M)ξ0−ξ1 . (2.3)

We are interested in the a posteriori probability density function
(PDF) p(ηn,M |Yξ1). We have, by Bayes’ rule,

p(ηn,M |Yξ1) =
p(ηn,M) · P (Yξ1|ηn,M)

P (Yξ1)
. (2.4)

However, we do not know the a priori PDF p(ηn,M). As a conser-
vative measure, we can assume the worst case of having no knowledge
on p(ηn,M) and let p(ηn,M) = 1, ∀η ∈ [0, 1]. Thus,

p(ηn,M |Yξ1) =
P (Yξ1|ηn,M)

P (Yξ1)
. (2.5)

As a probability density, p(ηn,M |Yξ1) must integrate to 1. That is
to say,

∫
p(ηn,M |Yξ1)dηn,M = 1, which gives,∫ P (Yξ1

|ηn,M )

P (Yξ1
)

dηn,M = 1 ⇔ P (Yξ1) =
∫
P (Yξ1 |ηn,M)dηn,M . (2.6)

Thus, we have

p(ηn,M |Yξ1) =
P (Yξ1 |ηn,M)∫ 1

0
P (Yξ1 |ηn,M)dηn,M

=
ηξ1n,M(1− ηn,M)ξ0−ξ1∫ 1

0
ηξ1n,M(1− ηn,M)ξ0−ξ1dηn,M

=
ηξ1n,M(1− ηn,M)ξ0−ξ1

B (ξ1 + 1, ξ0 − ξ1 + 1)

, (2.7)

where B (m,n) =
∫ 1

0
xm−1(1− x)n−1dx is the well-known Beta func-

tion1.
Let α be the target confidence, let ηLn,M be the lower bound of ηn,M ,

and let
∫ 1

ηLn,M
p(ηn,M |Yξ1) dηn,M = α. We then have

∫ 1

ηL
n,M

(ηn,M)
ξ1

(1−ηn,M )ξ0−ξ1 dηn,M

B(ξ1+1,ξ0−ξ1+1)
= α

⇔ IηLn,M
(ξ1 + 1, ξ0 − ξ1 + 1) = 1− α

, (2.8)

1The following mathematical properties of the Beta function, regularized Beta function,
and incomplete Beta function can be found in Section 6.2 and Section 26.5 of [44]
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where
IηL

n,M
(ξ1 + 1, ξ0 − ξ1 + 1) =

B
(
ηLn,M , ξ1 + 1, ξ0 − ξ1 + 1

)
B (ξ1 + 1, ξ0 − ξ1 + 1)

(2.9)

is the regularized Beta function, and

B(ηLn,M , ξ1 + 1,ξ0 − ξ1 + 1) =

∫ ηLn,M

0
xξ1+1(1− x)ξ0−ξ1+1dx (2.10)

is the incomplete Beta function.
With partial integration, IηLn,M

(ξ1 + 1, ξ0 − ξ1 + 1) can be further writ-
ten as,

IηLn,M
(ξ1 + 1, ξ0 − ξ1 + 1) =

ξ0+1∑
j=ξ1+1

(ξ0+1)!
j!(ξ0+1−j)!

(
ηLn,M

)j (
1− ηLn,M

)ξ0+1−j
.

(2.11)
We obtain ηLn,M by applying (2.11) to the incomplete Beta function in

(2.8).
We next consider how to obtain the α-percentile confidence interval of

γn,M for n ≥ 7. For the ξ0 − ξ1 non-lower-bound-reaching schedules (if
any), we denote the mean and variance of the observed percentage gap(
T − TL

)
/TL by µ and σ2, respectively. With the central-limit theorem

[45], we construct a random variable Z:

Z =
µ− γn,M

σ/
√
ξ0 − ξ1

. (2.12)

With confidence target α and critical z-score z1−α/2, we have

P (−z1−α/2 ≤ Z ≤ z1−α/2) = α. (2.13)

Applying (2.12) to (2.13), we then say,

µ− z1−α/2 ·
σ√

ξ0 − ξ1
≤ γn,M ≤ µ+ z1−α/2 ·

σ√
ξ0 − ξ1

(2.14)

with confidence α.

2.3 Multi-Priority Scheduling for IFDMA FFT

We now delve into the structural properties of the FFT precedence graph.
A heuristic algorithm tailored to the FFT scheduling problem is developed
by leveraging the structural properties of IFDMA FFT.
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2.3.1 Structural Properties of FFT Precedence Graphs

Several important structural properties of FFT precedence graphs are given
below:

• Property 1 (Number of Parents): Vertexes at stage 0 have no parent.
Vertexes at other stages have two parents located at the preceding
stage.

• Property 2 (Number of Children): Vertexes at stage log2N − 1 (i.e.,
last stage) have no children. Vertexes at other stages can have one,
two, or no children. In Fig. 2.3(c), for example, v3,4 at the last stage
has no children, while v1,0 has one child, v1,4 has two children, and
v2,2 has no children.

• Property 3 (Parents): Consider vertex vi,j at stage i(1 ≤ i ≤ log2N−
1). Its two parents at stage i− 1 can be identified as follows:

1) If j mod
(
2log2N−i

)
< 2log2N−i−1, the two parents are vi−1,j and

vi−1,j+2log2N−i−1 .

2) If j mod
(
2log2N−i

)
≥ 2log2N−i−1, the two parents are vi−1,j−2log2N−i−1

and vi−1,j .

• Property 4 (Children): Consider vi,j at stage i(0 ≤ i ≤ log2N − 2) .
Its children at stage i+ 1 (if any) can be identified as follows:

1) If j mod
(
2log2N−i−1

)
< 2log2N−i−2, the potential children are

vi+1,j and vi+1,j+2log2N−i−2 .

2) If j mod
(
2log2N−i−1

)
≥ 2log2N−i−2, the potential children are

vi+1,j−2log2N−i−2 and vi+1,j .

Note that one or both of the potential children may be absent in the
FFT precedence graph. The above properties lead to a obvious observation
that the FFT butterfly structure in turn induces a certain partial butterfly
pattern in the precedence graph. This is, if vi,j1 has two children, there must
be another vertex vi,j2 sharing the same two children vertexes with vi,j1 . If
vi,j1 has only one child, obviously, there is another parent at stage i sharing
the same child with vi,j1 .
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With the above observations, we give the definitions of “vertex pair” and
“the companion of a vertex” below.

Definition 4 (Vertex Pair and the Companion of a Vertex). If a parent
vertex shares children with another parent vertex, we refer to the two parent
vertexes as a vertex pair. Each of the parent vertexes is the companion of
the other.

Fig. 2.4 illustrates the legitimate parent-child structures within the FFT
precedence graph. A vertex can have zero, one or two children. Fig. 2.4(a)
shows the case of two vertexes sharing two common children. Fig. 2.4(b)
and (c) show the cases of two vertexes, each having one child, and that they
share this common child.

Note that the structures in Fig. 2.4 are only applicable to the initial
FFT precedence graph before the scheduling algorithm is executed. This is
because if a parent vertex is selected for execution and then removed from
the FFT precedence graph, the structure of the graph changes. Vertex pairs
and the companion relationship in Definition 4, on the other hand, are ap-
plicable to the precedence graph throughout the execution of the scheduling
algorithm. If vertex A is the companion of vertex B, and it is selected for
execution before vertex B, we refer to vertex A as a selected companion of
vertex B.

(a)                                                         (b)

Parent 0

Parent 1

Child 0

Child 1

Parent 0

Parent 1

Child 0 Parent 0

Parent 1 Child 1

(c)  

Figure 2.4: Legitimate parent-child structures within the FFT precedence
graph.

2.3.2 The Heuristic Scheduling Algorithm

We now construct a heuristic scheduling algorithm that exploits the struc-
ture of the FFT precedence graph. Fig. 2.5 presents an example of the
evolution of the FFT precedence graph during the execution of the heuristic
algorithm. The example assumes the same IFDMA bin allocation as in Fig.
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Figure 2.5: Evolution of the FFT precedence graph during the execution of
the heuristic algorithm, assuming three processors. The vertexes enclosed
by a solid boundary belong to the precedence graph. The dashed vertexes do
not belong to the precedence graph, and they are shown here for illustrative
purposes only.

2.3(a) of Chapter 2.2.3. The vertexes are marked in different colors to facil-
itate later explanation of the heuristic algorithm. Here, we assume that the
number of processors is three. A scheduling algorithm begins with the initial
precedence graph shown in Fig. 2.5(a) and ends with the final precedence
graph shown in Fig. 2.5(j). Each of the subfigures from Fig. 2.5(b) to Fig.
2.5(i) shows an intermediate FFT precedence graph at the end of a time
slot. When a vertex is removed from the FFT precedence graph, we mark
it as a dashed ellipse, the removed edges are simply not shown.

We refer to the scheduling algorithm as multi-priority scheduling (MPS).
As the name suggests, MPS associates each vertex (task) with a priority
vector ⟨P1, P2, ..., PH⟩ to determine its execution priority. In particular, the
priority element Pi takes precedence over the priority element Pi+1 when
comparing the priorities of two vertexes. For example, if the P1, P2, ..., Pi−1

of tasks A and task B are the same, but Pi of task A is higher than of task
B, then task A is of higher priority than task B.

Throughout this chapter, we study the MPS algorithm for which the
priority vector ⟨P1, P2, P3, P4⟩ has four elements. This algorithm was applied
in the example of Fig. 2.5. Let us now specify the elements in ⟨P1, P2, P3, P4⟩
and explain how they are used to yield the scheduling results in Fig. 2.5.
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First, P1 of a vertex is the number of generations of descendants it has,
wherein “descendants” refers to its children, its children’s children, and so
on. Fig. 2.5(a) illustrates how we count the number of generations. We mark
the vertexes in Fig. 2.5(a) with four different colors according to how many
generations of descendants they have. Vertexes with no child are colored
in white. Their parents have one generation of descendants, and they are
colored in light green. Vertexes in green have two generations of descendants,
and vertexes in dark green have three generations of descendants.

The intuition for setting P1 as above is as follows. Recall that the chil-
dren of a vertex must be executed in a different time slot than the vertex.
Thus, the number of generations of descendants of a vertex corresponds
to the number of extra time slots that are needed in addition to the time
slot used to execute the vertex. It will be advantageous to select the ver-
tex with more generations of descendants to free up the dependencies of its
descendants on it.

Let us look at Fig. 2.5. The precedence graph after time slot 2 is shown
in Fig. 2.5(c). Three tasks can be selected for execution in time slot 3.
Among the eight executable vertexes (v0,6, v0,7, v1,0, ...v1,5) in Fig. 2.5(c),
MPS selects all of the vertexes with high P1 value (P1(v0,6) =P1(v0,7) =3)
and one of the vertexes with medium P1 value (P1(v1,4) = 2). The algorithm
does not select the light green vertexes in time slot 3 because their P1 is lower
than those in green and dark green.

Next, we present the specification of P2. We divide the vertexes into
three types. Childless type refers to vertexes with no children. Paired
type refers to vertexes for which both the vertex itself and its companion
have not yet been selected for execution (see Definition 4 for the concept of
companion). Singleton type refers to unselected vertexes whose companion
has already been selected for execution in a prior time slot. Accordingly, P2

is set to 0, 1, and 2, respectively.
The intuition for setting P2 as above is as follows. Since the selection of

childless vertexes brings no new executable vertex in the next time slot, we
give it the lowest P2. For paired vertexes, it takes two processors to execute
them together in the same time slot and obtain new executable vertex(es)
(i.e., the children) in the next slot. For singleton vertexes, it takes only one
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processor to obtain the same number of new executable vertex(es) in the
next slot. So, we give the middle and the highest P2 to paired vertex and
singleton vertex, respectively. Note that P2 is a myopic measure while P1

looks further ahead. Hence, P1 takes precedence over P2.
Let us look at the example of Fig. 2.5 again. The precedence graph at

the end of time slot 3 is shown in Fig. 2.5(d). Both v1,5, v1,6 and v1,7 have
the highest P1 among the unselected vertexes. Note that v1,5 and v1,7 are of
paired type, because they form a pair and neither of them has been selected
for execution, while v1,6 is of singleton type because its companion v1,4 has
been selected for execution in a previous time slot. Hence, the selection
order of the following time slot (time slot 4) is v1,6 → v1,5 → v1,7. If M were
to be 2, then only v1,6 and one of v1,5 or v1,7 would be selected; however,
since M = 3 in the example, all of them are selected.

Next, P3 of a vertex is the number of children it has. Note that both
a singleton-type vertex and a pair of paired-type vertexes may have two
children in the next time slot. But an intelligent algorithm should select the
former for execution first. Hence, P2 takes precedence over P3.

In Fig. 2.5, the precedence graph at the end of time slot 5 is shown in
Fig. 2.5(e). All vertexes in light green are executable, and they have the
same P1 and P2 values. The MPS algorithm prefers v2,4,v2,5, v2,6 and v2,7,
because each of them has two children, while each of the other four exe-
cutable vertexes (v1,0,v1,1, v1,2 and v1,3) has only one child. Since there are
only three processors, the algorithm selects three vertexes among v2,4,v2,5,
v2,6 and v2,7. Hence, the selection order of the following time slot (time slot
6) is v2,4 → v2,5 → v2,6.

Next, if executable vertexes have the same P1, P2 and P3 values, we can
randomly select the vertexes to execute. However, we are interested in a
deterministic algorithm (for analytical purposes to establish a performance
bound, as will be elaborated later). Thus, we have P4 to break the tie. We
select those vertexes from the top of the precedence graph to the bottom of
the precedence graph. So, we assign P4 to a vertex according to the row of
the precedence graph at which it is located. Specifically, P4 = (N/2 −1)−j,
where j is the row that vi,j lies in.

In Fig. 2.5, the precedence graph at the end of time slot 7 is shown
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in Fig. 2.5(h). There are five executable vertexes with the same P1, P2

and P3 values. Among them, v2,2 is located at the highest row, with its P4

equal to 5. Hence, the selection order of the next time slot (time slot 8) is
v2,2 → v2,3 → v3,5.

Instead of comparing the priority vectors, for realization, it will be more
convenient to map the priority vectors to scalars so that we can compare
scalars when prioritizing the associated tasks. Specifically, we map a prior-
ity vector ⟨P1(vi,j), P2(vi,j), P3(vi,j), P4(vi,j)⟩ to a priority scalar P (vi,j) as
follows:

P (vi,j) =
H=4∑
h=1

(
N

2

)H−h

Ph(vi,j). (2.15)

Note that for the H = 4 MPS, the values of P1, P3, P4 are fixed at the
beginning of the scheduling and will never change as the algorithm proceeds.
However, P2 of a vertex vi,j may change dynamically, according to whether
the companion vertex of vi,j has already been selected for execution.

Recall that a paired-type vertex shares one or two common children with
another companion vertex. If a vertex has children in the initial precedence
graph, it has an unselected companion vertex. Hence, there are only two
types of vertexes in the initial FFT precedence graph: the childless type
and the paired type. With the execution of the MPS algorithm, a paired
vertex vi,j will change to a singleton vertex once its companion has been
selected for execution. As a result, P2 of a vertex can be 0 or 1 in the initial
FFT precedence graph (depends on whether it has children). Then, with
the execution of MPS, the P2 of a vertex can be adjusted to 2 accordingly.

Formally, the above description of the assignment of priority vectors, and
the serialization for the computation of the priority scalar, can be summa-
rized as follows: For vi,j ∈ V , we denote the set of vi,j ’s children by K(vi,j)

and the cardinality of K(vi,j) by ki,j , we then have

1) P1 assignment: if ki,j = 0, then P1(vi,j) = 0; otherwise, we have P1(vi,j) =

max
vi+1,x∈K(vi,j)

P1(vi+1,x) + 1.

2) P2 assignment (initial value): For vi,j , if ki,j = 0, then P2(vi,j) = 0;
otherwise, we have P2(vi,j) = 1.
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3) P2 assignment (dynamically adjusted value): If vi,j ’s companion is newly
selected for execution, let P2(vi,j) = 2.

4) P3 assignment: For vi,j , P3(vi,j) = ki,j .

5) P4 assignment: For vi,j , P4(vi,j) =
N
2 − 1− j.

6) Priority scalar calculation: P (vi,j)=
H=4∑
h=1

(
N
2

)H−h
Ph(vi,j).

We denote the set of executable vertexes by Ω and use pseudo-code to
describe the H = 4 MPS algorithm. See Appendix D for details about
pseudo-code implementations, in which Algorithm 1 is the main function of
the MPS algorithm, Algorithm 2 is the initialization subfunction called at
the beginning of Algorithm 1, Algorithm 3 is the priority scalar calculation
subfunction described by (2.15).

2.4 Lower Bound Analysis for IFDMA FFT Com-
puting

We now derive a general lower bound TL on the IFDMA FFT computa-
tion time. Any feasible schedule X = (χ0, ..., χT−1) constrained by the FFT
precedence graph and the number of available processors must have compu-
tation time T ≥ TL.

A trivial lower bound is,

TL =


logN−1∑

i=0

Qi

/
M

 , (2.16)

where ⌈·⌉ is the round-up operation, and Qi is the number of vertexes at
stage i. This is, however, a rather loose lower bound.

In the following, we prove a tight lower bound for T . Our argument
divides the vertexes into “trunk vertexes” and “branch vertexes”, defined as
follows:
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Definition 5 (Trunk Vertex and Branch Vertex). In an initial FFT prece-
dence graph with β FFT stages2, if a vertex vi,j satisfies,

P1(vi,j) = β − 1− i, (2.17)

we refer to it as a trunk vertex; otherwise, we refer to it as a branch vertex.

Recall that in Chapter 2.3.2, we define P1(vi,j) to be the number of
generations of descendants vertex vi,j has. Since vertex vi,j is located at
stage i, and the maximum number of remaining stages after stage i is β−1−i,
in general we have P1(vi,j) ≤ β − 1− i. Hence, trunk vertexes at stage i are
vertexes at stage i that have the maximum possible P1.

Fig. 2.6 gives an illustration. Vertexes in blue are the trunk vertexes, and
vertexes in red are the branch vertexes. The rationale for our nomenclature
is as follows. We picture vertexes in blue to be part of the main trunk of a
tree and vertexes in red to be part of branches of a tree.
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Figure 2.6: An example of “trunk vertexes” and “branch vertexes”.

Lemma 1. A trunk vertex vi,j with i ∈ {0, 1, ...β − 2}, that is not located
at the last stage (i.e., stage β − 1) has at least one child that is also a trunk
vertex.

2Since many bin allocations do not require tasks in later FFT stages, we have β ≤ log2N

in general.
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Proof. Since vi,j is a trunk vertex, we have

P1(vi,j) = 1 + max
vi+1,x∈K(vi,j)

P1(vi+1,x) = β − i− 1, (2.18)

where K(vi,j) is the children set of vi,j .
From (2.18), we know that at least one vertex vi+1,x satisfies,

P1(vi+1,x)|vi+1,x∈K(vi,j)
= β − (i+ 1)− 1, (2.19)

i.e., vi+1,x is a trunk vertex. ■
Let Ttr(i), i = 0, 1, ...β − 2, be the time slot by which all trunk vertexes

at stage i are executed.

Lemma 2. Ttr(i+ 1) ≥ Ttr(i) + 1.

Proof. In general, some trunk vertexes at stage i could be executed at time
slots earlier than Ttr(i). But there must be at least one trunk vertex vi,j at
stage i that is executed in time slot Ttr(i). From Lemma 1, trunk vertex
vi,j must have one child trunk vertex, say vertex vi+1,x, at stage i + 1 that
depends on vi,j . The earliest time slot by which vi+1,x can be executed is
Ttr(i) + 1. Thus, Ttr(i+ 1) ≥ Ttr(i) + 1. ■

Let Ri be the number of trunk vertexes at stage i. Some stages have
more than M trunk vertexes, and some stages have no more than M trunk
vertexes. Let U be the set of stages with more than M trunk vertexes, and
W be the set of stages with no more than M trunk vertexes.

Lemma 3. In an FFT precedence graph, the stages in U precedes the stages
in W.

Proof. A pair of trunk parent vertexes at stage i have no more than two child
trunk vertexes at stage i+1. Each child trunk vertexes, on the other hand,
must have two parent trunk vertexes. Hence, Ri, the number trunk vertexes
at stage i, can be no smaller than Ri+1, the number of trunk vertexes at
stage i+ 1. Thus, the stages in U precede the stages in W. ■

We denote the cardinality of the set W by m in the following. We also
refer to the computation time required to execute all trunk vertexes as Ttr,
and we denote the lower bound of Ttr by TL

tr. With the above lemmas, we
obtain TL

tr as follows.
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Lemma 4. Ttr ≥ TL
tr ≜

⌈
β−m−1∑

i=0
Ri

/
M

⌉
+m .

Proof. From Lemma 3, the first β − m stages have more than M in each
stage, and their execution can finish no earlier than,

Ttr (β −m− 1) ≥

⌈
β−m−1∑

i=0

Ri

/
M

⌉
. (2.20)

Applying Lemma 2 to stage β −m , we have

Ttr (β−m) ≥ Ttr (β−m−1)+1 ≥

⌈
β−m−1∑

i=0

Ri

/
M

⌉
+1. (2.21)

Similarly, for stage β − m + 1, we have Ttr (β −m+ 1) ≥ Ttr (β −m)+1.
And so on and so forth. The last trunk vertexes at the stage β − 1 can

therefore finish execution no earlier than
⌈
β−m−1∑

i=0
Ri

/
M

⌉
+m. Thus, we

have

Ttr ≥ TL
tr

∆
=

⌈
β−m−1∑

i=0

Ri

/
M

⌉
+m. (2.22)

■
The TL

tr in (2.22) would be a lower bound for the overall problem if there
were no branch vertexes. We next take into consideration the computation
time needed by the branch vertexes. When packing the vertexes into the
schedule implicit in our procedure for obtaining TL

tr above, there could be
time slots in which there are fewer than M vertexes being executed. As
far as a lower bound for the overall computation time is concerned, we
could imagine that we could pack branch vertexes into such time slots for
execution without constraints of the precedence graph. In other words, we
imagine that the branch vertexes could fully exploit the unused capacities
of the time slots allocated to the trunk vertexes. The lower bound obtained
as such may not be achievable, but it is still valid as far as a lower bound.

The total number of branch vertexes is
β−1∑
i=0

(Qi −Ri). If the unused

capacities is not enough for executing all branch vertexes, i.e., M · TL
tr −

β−1∑
i=0

Ri <
β−1∑
i=0

(Qi −Ri), we need extra time slots after TL
tr to execute the

remaining branch vertexes. We refer to the computation time for executing
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the remaining branch vertexes as Tbr, and we denote the lower bound of Tbr

by TL
br.

Lemma 5. Tbr ≥ TL
br ≜ ⌈l/M⌉,

where l = max
{
0,

β−1∑
i=0

Qi −M

⌈
β−m−1∑

i=0
Ri

/
M

⌉
+Mm

}
.

Proof. There are M · TL
tr processor capacities in the first TL

tr time slots.
During the TL

tr time slots, the unused capacities are given by,

E = M · TL
tr −

β−1∑
i=0

Ri. (2.23)

After packing branch vertexes into TL
tr time slots to used up the capacities

E, the number of remaining branch vertexes not packed into the TL
tr time

slots is,

l = max
{
0,

β−1∑
i=0

(Qi −Ri)− E

}

= max
{
0,

β−1∑
i=0

Qi −M · TL
tr

}

= max
{
0,

β−1∑
i=0

Qi −M

⌈
β−m−1∑

i=0

Ri/M

⌉
+Mm

}
. (2.24)

Thus, Tbr is lower bounded by,

Tbr ≥ TL
br ≜

⌈
l

M

⌉
. (2.25)

■

Theorem 1. T ≥ TL ≜
⌈
β−m−1∑

i=0
Ri

/
M

⌉
+ ⌈l/M⌉+m.

Proof. Since T ≥ TL
tr +TL

br, we prove Theorem 1 with Lemma 4 and Lemma
5. ■

2.5 Experimental Results

In Chapter 2.2.3, we proved that when the number of subcarriers is large,
the number of non-isomorphic instances for IFDMA can be huge. It is
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impractical to test all possible subcarrier allocation instances. Hence, in
the following two subsections, we analyze the performance of MPS-FFT
statistically when the number of subcarriers is large. Specifically, when
n ≥ 7, we randomly sample f6 = 2598061 of fn non-isomorphic instances
for testing, where fn is the total number of non-isomorphic instances when
there are 2n subcarriers. For systems of 8 to 64 subcarriers (i.e., 3 ≤ n ≤ 6),
we test all non-isomorphic instances. The two-point (n = 1) and four-point
(n = 2) FFT modules are trivial and are omitted in the experiments.

2.5.1 Optimality of MPS

We start with the optimality of MPS. We assume a fully packed IFDMA
system, in which all subcarriers are used. Recall from Chapter 2.2.3 that
ηn,M denotes the percentage of MPS-FFT schedules that are optimal when
the number of subcarriers is 2n and the number of processors is M . If the
computation time does not reach the lower bound, we use γn,M to denote
the average percentage gap between the observed computation time and
the theoretical lower bound. As we have explained at the beginning of this
section, if n ≥ 7, we follow the analysis in Chapter 2.2.3 and statistically
obtain η and γ with a confidence level of α = 0.95.
Case 1: arbitrary number of processors: Let us first assume an arbi-
trary number of processors between one and 2n−1, the maximum processors
needed. We denote the average value of ηn,M and γn,M over M by ηn and
γn, respectively. Experimental results of ηn and γn are given in Table 2.2.

As can be seen from Table 2.2, if we give MPS a random subcarrier
allocation instance, MPS can find a schedule reaching the computation-time
lower bound with high probability. Specifically, ηn is no less than 98.70%.
Additionally, if a task-execution schedule does not reach the lower bound,
it is still acceptable because the computation time is very close to the lower
bound, i.e., γn is no more than 6.48%.
Case 2: power-of-two number of processors: Note that we assume an
arbitrary number of processors in Table 2.2. We find from our experiments
that for the case of M equal to a power-of-two integer, all our tested task-
execution schedules reach the lower bound and are optimal. For n < 7, our
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Table 2.2: ηn and γn for the scheduling problems in a 2n-point IFDMA FFT
(the case of an arbitrary number of processors)

n ηn γn n ηn γn

3 1.0000 0.0000 7 ≥ 0.9972 ≤ 0.0391

4 0.9985 0.0250 8 ≥ 0.9942 ≤ 0.0146

5 0.9984 0.0460 9 ≥ 0.9901 ≤ 0.0121

6 0.9981 0.0648 10 ≥ 0.9870 ≤ 0.0104

algorithm is optimal in terms of the computation speed, as we tested all
instances, and all the schedules reached the lower bound. For n ≥ 7, since
ξ0 − ξ1 = 0, (2.11) in Chapter 2.2.3 can be further simplified as follows:

IηLn (ξ1 + 1, ξ0 − ξ1 + 1) =
∑

j=ξ1+1
ξ0=ξ1

(ξ0 + 1)!

j! (ξ0 + 1− j)!

(
ηLn
)j (

1− ηLn
)ξ0+1−j

=
(
ηLn
)ξ0+1

(2.26)
Applying ξ0 − ξ1 = 0 to (2.8) and (2.11), we have

ηLn = (1− α)
1

ξ0+1 . (2.27)

Therefore, when n ≥ 7, we have ηn ≥ (1− α)
1

ξ0+1 , where α = 0.95 is the
confidence level, and ξ0 = f6 = 2598061. Additionally, we know that γn = 0

from the definition of γn,M in (2.2). The experimental results of ηn and γn

are given in Table 2.3.
The gap between ξ0+1

√
0.05 and one is relatively small because ξ0 is large

enough, i.e., the lower bound of ηn is relatively close to one. Thus, we can
say that our algorithm has close-to-optimal performance when the number
of processors is power-of-two.

2.5.2 Applying MPS-FFT in Compact IFDMA Transceivers

We now analyze the effect of applying MPS-FFT to compact IFDMA transceivers.
To distinguish the transceiver design in this paper from the design in our
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Table 2.3: ηn and γn for the scheduling problems in a 2n-point IFDMA FFT
(the case of a power-of-two number of processors)

n ηn γn

3/4/5/6 1.0000 0.0000

7/8/9/10 ≥ ξ0+1
√
0.05 0.0000

previous paper [1], let us refer to the compact IFDMA transceiver in our pre-
vious work and the one in the current paper as compact IFDMA transceiver
v1 and v2, respectively.

As has been explained at the beginning of this section, for n ≥ 7, we an-
alyze the computation complexity/hardware utilization/computation time
of MPS-FFT with a subset of f6 randomly sampled non-isomorphic subcar-
rier allocation instances rather than the full set of instances. We show in
Appendix C that our subset generation policy selects all the instances with
equal probability. Hence, the analysis of computation complexity/hardware
utilization/computation time is unbiased in terms of instance selection.

Computation complexity: The computation complexity improvement
of compact IFDMA transceiver v1 over conventional IFDMA transceivers
has already been studied in Section IV and Section V of our previous work
[1]. For readers’ convenience, we briefly summarize the results in Table 2.4.
In the table, (i), (ii), and (iii) refer to conventional IFDMA transceivers with
time-domain realization, conventional IFDMA transceivers with frequency-
domain realization, and compact IFDMA transceivers v1, respectively. The
computation complexity is measured in terms of the number of butterfly
computations needed in a transmitter/receiver. As can be seen from Ta-
ble 2.4, transceiver v1 reduces the complexity of a conventional IFDMA
transceiver by at least a factor of log2N .

The current paper further reduces complexity by pruning the FFT flow
graph. Fig. 2.7 below compares the computation complexities in compact
IFDMA transceiver v2 and IFDMA transceiver v1. As the figure shows,
transceiver v2 achieves at least 11.21% reduction in FFT computation com-
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plexity over transceiver v1.

Table 2.4: Complexities of Conventional IFDMA Transceivers and Compact
IFDMA Transceiver v1

(i) (ii) (iii)

Receiver 1
4N log22N + 1

2N log2N 1
4N log22N + 1

2N log2N 1
2N log2N

Transmitter N2 1
4N log22N + 1

2N log2N 1
2N log2N

3 4 5 6 7 8 9 10

log
2
N

0

250

500

750

1000

1250

1500

1750

2000

2250

2500

2750

3000

3250

3500

3750

4000

4250

4500

4750

5000

5250

N
u

m
b

er
 o

f 
B

u
tt

er
fl

y
 C

o
m

p
u

ta
ti

o
n

s

Compact IFDMA Transceiver V2

Figure 2.7: Computation complexity of compact IFDMA transceiver v1 and
compact IFDMA transceiver v2.

Hardware Utilization and Computation Time: Although pruning
the FFT flow graph reduces the computation complexity, it was only the
first step. A more challenging study of compact IFDMA transceiver v2 is to
increase the hardware utilization in a pruned FFT with a limited number of
processors.

As we have explained, the goal of our scheduling algorithm is to pro-
duce a schedule with as short a computation time as possible for any given
IFDMA subcarrier allocation. Since the number of hardware processors is
limited, MPS achieves that goal by boosting the hardware utilization of the
processors during the FFT processing. In the FFT precedence graph, one



CHAPTER 2. EFFICIENT FFT COMPUTATION IN IFDMA 44

butterfly computation cannot be executed unless its two parents have been
executed. In some rounds of butterfly computation during the FFT process-
ing, it is possible that some processors have no work to do if the schedule is
not well constructed. This is because there may not be enough executable
computations for every processor to get a job in this round if the schedule is
poorly constructed. The “idle time” of processors reduces the hardware uti-
lization. Additionally, conventional FFT may execute unnecessary butterfly
computations (i.e., those eliminated in our pruned FFT).

In essence, we define hardware utilization as
∑

Qi/MT , where Qi is the
number of necessary computation tasks in FFT stage i, T is the overall
computation time required by the schedule, and MT is the total number of
available hardware capacity over that time.

Fig. 2.8 benchmarks compact IFDMA transceiver v1 and v2 in terms of
hardware utilization. The FFT module used in transceiver v2 is MPS-FFT
designed in this paper. As for the FFT used in compact IFDMA transceiver
v1, our prior work [1] investigated the computation complexity but did not
consider the implementation issue. It just assumed a conventional FFT but
did not assign a specific realization scheme. Basically, there are three types
of conventional FFT implementations: the serial structure [27], the pipelined
structure [28], and the parallel structure [29]. Among the three types, the
pipelined FFT is the most widely used in practice, e.g., the same realization
can be found in Xilinx’s high-efficiency FFT IP core for FPGA [46]. As
for the other two types of FFT realizations, serial FFTs are too slow for
the FFT processing in communication systems; parallel FFTs consume too
much hardware resource and are not suitable for communication systems
with many subcarriers.

Here IFDMA transceiver v1 adopts the pipelined FFT implementation,
while IFDMA transceiver v2 adopts this paper’s MPS-FFT.

In Fig. 2.8, we consider IFDMA transceivers with N subcarriers and plot
the figure with log2N on the x-axis. Note that the number of processors in
an N -point conventional pipelined FFT is fixed to be log2N . For a fair
comparison, we let the number of hardware processors in both transceiver
v1 and transceiver v2 be M = log2N .

As can be seen from the dashed line in Fig. 2.8, the hardware utiliza-
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Figure 2.8: Experimental results showing that MPS-FFT outperforms
pipelined FFT in terms of hardware utilization.

tion of a conventional pipelined FFT is no larger than 50%. MPS-FFT,
on the other hand, greatly increases the hardware utilization. Specifically,
the hardware utilization rates of MPS-FFT with 64 or more points are at
least 98.42%. And the utilization rate increases as number of subcarriers
increases, reaching 99.82% in the 1024-point FFT case.

Table 2.5 compares compact IFDMA transceiverz v1 and v2 in terms of
computation time. We can see that compact IFDMA transceiver v2 achieves
much lower FFT computation time than compact IFDMA transceiver v1
does. Specifically, the computation time can be reduced by at least 55.87%,
and we can calculate that the average computation time reduction rate is
59.85%.

2.6 Summary

This chapter studied the FFT relization of an efficient IFDMA transceiver,
referred to as compact IFDMA, put forth by a recent investigation. For
compact IFDMA, not all butterfly computations inside the full FFT net-
work need to be executed, and the necessary computations vary with dif-
ferent subcarrier allocations. When applied to IFDMA, conventional FFT
implementation is resource-wasteful because it does not exploit this specific
property of IFDMA signal processing.

This chapter focused on FFT implementations tailored for IFDMA. We
put forth a flexible heuristic algorithm to schedule the butterfly compu-
tations in IFDMA FFT, referred to as multi-priority scheduling (MPS).
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Table 2.5: Number of Average Time Slots Needed for the FFT computation
in Compact IFDMA Transceivers v1/v2

n FFT computation time FFT computation time Reduction
in transceivers v1 in transceivers v2 rate

3 9 3.70 0.5889

4 18 6.12 0.6600

5 35 12.84 0.6331

6 68 26.48 0.6106

7 133 54.25 0.5921

8 262 110.61 0.5778

9 519 224.76 0.5669

10 1032 455.42 0.5587

Compared with conventional FFT implementations, the FFT computation
schedule obtained by MPS, referred to as MPS-FFT, has two advantages:
1) MPS-FFT reduces computation requirements. For example, for 1024-
subcarrier IFDMA, MPS-FFT can bypass at least 11.21% of the computa-
tion tasks in FFT; 2) MPS-FFT utilizes hardware efficiently. For example,
for 1024-subcarrier IFDMA, the processor utilization rate in MPS-FFT is
99.82%, much higher than the processor utilization rate in conventional
pipeline FFT.

When the number of available processors is a power of two, MPS-FFT
has near-optimal computation-time performance. Quantitatively, MPS-
FFT subject to a randomly selected IFDMA subcarrier allocation can reach
the computation time lower bound with a probability larger than ξ0+1

√
0.05,

where ξ0 is more than 2.5 million in our experiment. Furthermore, MPS-
FFT incurs less than 44.13% of the computation time of the conventional
pipelined FFT.



Chapter 3

Reliable Packet Detection in
CSMA

3.1 Background

Wireless random access technology offers significant advantages for vehic-
ular applications [9, 47, 48]. It facilitates efficient communications among
a vast array of devices, from intelligent vehicles to roadside sensors. Un-
like centralized access control, random access enables massive machine-type
communications (MTC) intrinsic to smart transportation networks without
the need for a predetermined transmission schedule. For instance, in traffic
monitoring systems, a sensor embedded within the infrastructure or onboard
a vehicle may generate a new packet only upon detecting an anomaly and
then transmit this information to a central monitoring system through the
wireless channel. As the transmission is sporadic and unpredictable, employ-
ing random access is more efficient than pre-allocating dedicated wireless
resources (e.g., time slots or subcarriers) to each sensor. Moreover, central-
ized access is impractical for scheduling every sensor when the number of
connections exceeds the available wireless resources.

In random access, a receiver does not know when a wireless device will
transmit a packet to it. To conserve power and avoid being wrongly occu-
pied, the packet decoding circuitry of a receiver should not get activated
unless a packet is being transmitted, i.e., the receiver needs to detect the

47
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incoming packet before decoding it. Therefore, there are two primary causes
for reception failures in random access: 1 the payload of the packet cannot
be decoded due to noises or transmission errors; or 2) the payload of the
packet can be decoded with advanced decoding schemes, but the packet is
not even detected.

A recent trend in the vehicular domain is to use packets with short
payloads to reduce decoding error probability [49, 50, 10]. These research
efforts significantly overcome the first type of failure but ignore possible
reception failure in the packet detection process. This paper is an attempt
to address the second type of failure and enhance the overall reliability in
vehicular random-access networks. We revisit the conventional Schmidl-
and-Cox (S&C) algorithm [11] widely applied as the underlying scheme for
many recent packet-detection studies [12, 13, 14, 15, 16, 17, 18, 19, 20, 21].
We point out the limitations of this conventional algorithm and related prior
works on packet detection and put forth our solutions in the following:

The first limitation is the lack of a rigorous analysis framework, which
further results in the absence of closed-form expressions for missed-detection
and false-alarm probabilities. Previous research [12, 13, 14, 15, 16, 17,
18, 19, 20, 21] used the ratio of autocorrelation and signal power as the
packet-detection metric. When the metric is above a preset threshold, the
packet-detection process at the receiver then declares that there is an in-
coming packet. The value of the threshold determines the trade-off between
the false-alarm and missed detection probabilities. Unfortunately, the ratio
contains two random variables whose noise terms are correlated, making the
ratio metric difficult to analyze, and the probabilistic analysis of false alarms
and missed detections becomes intractable as a result. When the distribu-
tion of this metric is unknown, a rigorous analysis of the packet detection,
particularly the trade-off between the probabilities of false alarm and missed
detection, is not possible.

This paper proposes a new “sum metric” for packet detection called the
“compensated autocorrelation”. The new metric is equivalent to the previous
ratio metric as far as packet detection probability is concerned. However,
the noise characteristic of the compensated autocorrelation is analytically
tractable, as the metric contains only a simple summation of correlated
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noises, as opposed to the convoluted relationship of the correlated noises in
the numerator and the denominator of the ratio metric. Importantly, our
sum metric can be approximated as a Gaussian random variable. Hence, the
introduction of the new metric makes possible a rigorous analytical frame-
work not previously reported in the literature. We demonstrate through
experiments that our derivations and approximations are precise and accu-
rate. Importantly, the expression of our metric suggests a way to extend
single-antenna packet detection to the multi-antenna packet detection set-
ting (details presented in the “fourth limitation” below).

The second limitation is a deficiency in prior works’ benchmark method
for packet detection algorithms. Previous research focused on minimizing the
missed-detection probability as the sole criterion. For example, in [51], the
authors conclude that one algorithm is better than the other due to its low
missed-detection probability. However, this conclusion may be misleading
because low missed-detection probability may come at the expense of high
false-alarm probability1, and one could in principle set the packet-detection
threshold to a very small value to lower the missed-detection probability
arbitrarily if false-alarm probability were not a concern.

Inspired by the concept of Pareto optimality [52], we address the lim-
itation with a new benchmarking scheme. Our benchmark scheme plots
the false-alarm probability and the missed-detection probability as the x-
axis and the y-axis of a figure, allowing for simultaneous consideration of
false alarms and missed detections. With the new scheme, we benchmark
two packet-detection algorithms in a rigorous and fair manner. Further,
we introduce a method to find the optimal packet-detection threshold for
our packet-detection metric consistent with our benchmark method (see Ap-
pendix H for details).

The third limitation is the use of the magnitude when calculating the
1Avoiding false alarms is as important as preventing missed detections. First, when

a false alarm occurs, signal processing circuits are erroneously activated, leading to a
decrease in power efficiency. Second, to avoid packet collisions, a random-access device
may hold back and refrain from transmitting a packet itself upon encountering a false
alarm, resulting in reduced spectrum efficiency. Third, during the false alarm period, as
the receiver is occupied decoding the “fake packet”, all true incoming packets will not get
processed until the receiver realizes the situation and resets its state machine.
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signal autocorrelation term required in the packet-detection metric. In the
absence of carrier frequency offset (CFO) between the transmitter and the
receiver, the autocorrelation term has no imaginary part. But in the pres-
ence of CFO, part of the autocorrelation term shifts from the real part to
the imaginary part (see Appendix F for details), lowering the probability of
packet detection if only the real part of the autocorrelation were considered.
At the time the S&C algorithm was first developed, hardware devices had
very large CFOs due to the limitation of semiconductor technologies [53, 54].
Hence, the S&C algorithm considers the magnitude of the autocorrelation
to include the CFO-induced autocorrelation leak to the imaginary part.

Taking the magnitude of the autocorrelation is beneficial when the CFO
is relatively large, as it reduces potential missed packet detections. How-
ever, if we also consider false alarms in the benchmark, such a benefit comes
at the price of a higher false-alarm probability. That is, when there is no
packet over the air, taking the magnitude of the autocorrelation naturally
introduces an additional 3dB noise than taking the real part of the autocor-
relation only, increasing the false-alarm probability. With the advancements
in hardware and semiconductor technologies, communication devices nowa-
days have significantly lower CFOs than before [55, 56, 57]. We propose
to exploit the improved CFO performance by taking only the real part of
the autocorrelation in the packet detection process to strike for a better
missed-detection-false-alarm trade-off. We show through experiments that
the proposed scheme, referred to as the real-part S&C (RP-S&C) algorithm,
exhibits superior performance to the conventional S&C under realistic CFO
settings of modern hardware.2

The fourth limitation involves the optimization of packet detection al-
gorithms in the multi-antenna scenario. The conventional S&C algorithm
was originally proposed for single-antenna receivers. In modern commu-
nication systems, receivers are typically equipped with multiple antennas,

2While RP-S&C is motivated by the improved technology with less CFO, another
side benefit is related to the metric of “compensated autocorrelation”, which allows a
cleaner expression of the compensated autocorrelation without the complicated non-linear
complex-number magnitude, thus enabling detailed noise analysis and extension to the
multi-antenna setting (see footnote five).
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enabling the possibility of enhancing system reliability via rich spatial di-
versity. While previous multi-antenna investigations [58, 59, 60] have de-
livered higher decoding reliability by leveraging spatial diversity, packet de-
tection in multi-antenna systems has received less attention. Some previous
studies tried to extend the S&C algorithm to the multi-antenna scenario
[15-18]. However, lacking a rigorous analytical framework for the packet-
detection process, these works typically combine the autocorrelations ob-
tained at different antennas in an intuitive but ad hoc manner without a
rigorous optimization analysis. Further, these works focused solely on the
packet-detection probability in performance evaluation by simulation, with-
out considering the false-alarm probability caused by noise.

We extend our framework built upon the compensated autocorrelation
metric to advanced multi-antenna systems. The aggregated noise in the
weighted sum of the individual compensated autocorrelations obtained at
different antennas still contains a sum of noises only, and is therefore ana-
lytically tractable (note: this is not the case if RP-S&C is not used and the
magnitude of autocorrelation is used in the compensated autocorrelation
expression). Using the weighted sum as the metric in the multi-antenna
scenario is a natural extension of the single-antenna treatment, and opti-
mality under different criteria can be established rigorously. This paper
considers two specific criteria: 1) minimizing false-alarm probability and 2)
minimizing missed-detection probability. We then give our solutions, the
weight assignment for minimizing false alarms (WFA) and the weight as-
signment for minimizing missed detections (WMD), to the two optimization
problems with rigorous proofs. Apart from concrete theoretical analyses,
we also conduct extensive emulation experiments with real-world channel
data to benchmark the two schemes. We therefore recommend the WFA as
the preferable choice due to its reliability, simplicity and superior packet-
detection performance.
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3.2 RP-S&C for Single-antenna Packet Detection

3.2.1 Conventional S&C Algorithm

A random-access system employs repeating sequences to detect packets.
Fig. 3.1 shows a general packet format for random access. The repeat-
ing sequences at the beginning of a packet are referred to as short training
sequences (STSs), and a collection of multiple STSs forms the preamble se-
quence. Let us denote the number of STSs by m and the length of each STS
by η. In this chapter, for simplicity, we assume that the preamble sequence
contains two STSs, i.e., m = 2. There are several ways to extend the ba-
sic treatment here to more general preamble sequences with more than two
STSs.

... ... ... Data...

STS 1 STS 2 STS mSTS

Preamble

length=

Figure 3.1: A general packet format for random access.

The conventional S&C algorithm uses a packet-detection metric l[n] writ-
ten as

l[n] = |a[n]|/b[n] (3.1)

where a[n] and b[n] denote the autocorrelation and the average signal power
over the two STSs, respectively. By definition, we have a[n] and b[n] as

a[n] =
1

η

η−1∑
k=0

y[n+ k]·y∗[n+ η + k] (3.2)

b[n] =
1

2η

2η−1∑
k=0

y[n+ k]·y∗[n+ k] (3.3)

where y[n] denotes samples captured by the wireless receiver.
In ideal cases (i.e., without noise or CFO), as the transmitted preamble

sequence repeats itself every η samples, l[n] reaches its peak value of one
at the particular index n corresponding to the beginning of the first STS
sample. For non-ideal cases, on the other hand, l[n] is in general smaller
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than one (to be elaborated later in this chapter). The conventional S&C
algorithm compares l[n] with a pre-defined threshold ρ. If l[n] > ρ, S&C
declares the detection of a packet; otherwise there is no packet. Fig. 3.2
and Fig. 3.3 illustrate the packet-detection process.

Assume there are three packets. Only two of them are detected in this example 

Figure 3.2: Illustration of how S&C detects wireless packets with an example
of missed packet detection. Here η = 16.

In Fig. 3.2, we assume that there are three packets. For an incoming
packet, if the peak of its l[n] is larger than threshold ρ (e.g., the first and the
last l[n] peak in Fig. 3.2), then the receiver declares a packet is detected,
which triggers the subsequent signal processing to decode the packet. Oth-
erwise, just like the second l[n] peak in Fig. 3.2, the receiver performs no
action, and an event of missed packet detection occurs. Packet missed de-
tections may occur often when the antenna signal-to-noise ratio (SNR) is
too low or ρ is too high.

Assume that there is no packet

Figure 3.3: Illustration of how false alarms arise.

In Fig. 3.3, we assume there is no packet (i.e., pure noise input). We
see that l[n] is very close to zero because the input noise is random. Nev-
ertheless, we may still observe a l[n] larger than ρ, and when that occurs,
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a false alarm event occurs. False alarms are more likely to occur the lower
the threshold ρ. Hence, adjusting the value of ρ amounts to trading off
missed-detection performance and false-alarm performance.

3.2.2 Our Improvement over the Conventional S&C Algo-
rithm

For the conventional S&C algorithm given in (3.1), |a[n]| is considered in
the calculation of l[n]. This chapter first explains why taking the absolute
value of a[n] is beneficial at the time the conventional S&C algorithm was
first developed. We will then explain why doing so is no more attractive
with recent years’ improved technology in oscillators. Finally, we explain
how our method can have improvements over the conventional scheme by
considering only the real part of a[n].

Let us begin by constructing the mathematical model of the received sig-
nal y[n]. We assume that the two-STS preamble sequence s[n] is normalized,
i.e.,

|s[n]|2 = 1

η

η−1∑
n=0

|s[n]|2 = 1 (3.4)

At the transmitter side, we denote the power of the transmitted signal,
which is amplified by the power amplifier (PA) and the transmitter antenna
[61], by PTX , and the power gain of the wireless channel by gch. We de-
note the power gain introduced by the receiver antenna and the low-noise
amplifier (LNA) at the receiver by gRX . We write the received preamble as3

y[n] =
√
Ps[n]ejθ[n] + w[n] (3.5)

where w[n] ∼ CN(0, σ2) is the complex receiver noise, ejθ[n] denotes sample
s[n]’s phase shift caused by CFO, and P is the power of the received signal
written as

P = PTX · gch · gRX
(3.6)

3A practical slow fading channel may introduce a constant phase offset to all samples
within a packet. While this offset may vary between packets, it remains constant through-
out any given packet. As explained in Appendix H, this has no impact on packet detection
metric and performance.
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The phase shift term ejθ[n] in (3.5) captures the phases introduced by the
wireless channel, the transmitter and receiver circuitries, and the CFO. How-
ever, if the phases introduced by the wireless channel and the transmitter-
receiver circuitries are constant throughout the STS sequence (i.e., the prac-
tical slow-fading scenario), then the autocorrelation as computed by (3.2)
will only contain a phase term that depends only on the time-varying part of
θ[n] only (the component of θ[n] that varies with n), and this is due to CFO.
In other words, with CFO, the autocorrelation signal as computed by (3.2)
can spread into an imaginary part. In Appendix F, we present the analysis
on how the rotation of y[n] shifts part of a[n]’s power to the imaginary part.
To mitigate the impact of CFO, the conventional S&C algorithm uses the
absolute value of a[n] to account for the power in its imaginary part.

From a hardware perspective, CFO is introduced by the frequency dis-
crepancy between the crystal oscillators (XOs) used in the transmitter side
and the receiver side [62].4 At the time the classic S&C algorithm was
developed (i.e., 1997), semiconductor and hardware technologies for XO
production were less advanced than nowadays. For example, in the IEEE
802.11a standard released in 1999, the maximum XO inconsistency allowed
is 20 parts per million (ppm) [65]. Given an XO with 20 ppm accuracy,
considering the imaginary part of a[n] is more advantageous for packet de-
tection because a significant portion of the signal power may spread into the
imaginary part of a[n] due to the large CFO.

However, with significant advancements in hardware and semiconductor
technologies during the past decades, modern communication systems have
a much lower CFO than the old systems developed in the 1990s [55, 56, 57].
When CFO is relatively small, θ[n] does not vary much with n, and a[n] is
contained mainly in its real part. In such cases, taking the real part of a[n]
does not harm the probability of a packet being detected, as the imaginary
part of a[n] contains predominantly the noise term only. Moreover, when

4Even if the two XOs have the same rated value and come from the same product
line, they may differ slightly due to manufacturing variances and differences in working
conditions, such as temperature [63]. The inconsistency cannot be completely removed,
but it can be reduced with the improvement of semiconductor and hardware technologies
[64].
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no packet is being transmitted, disregarding the imaginary part will reduce
the detected noise power by an average of 50% (given that the phase of a
noise vector is random), thus making the receiver less prone to false alarms.

As we will later show through experiments, under a practical CFO con-
dition of a modern communication system, taking the real part of a[n] is
more beneficial than taking the absolute value of a[n]. This is true even
when CFO cannot be fully eliminated as in the ideal case (see Chapter 3.3
for details). That is, as long as the XO’s inconsistency is within a prac-
tical constraint, the gain of ignoring the imaginary part (i.e., significantly
lower false-alarm probability) outweighs the loss (i.e., slightly higher missed-
detection probability), thus making our scheme more competitive than the
conventional S&C algorithm in terms of the packet-detection performance
evaluated by the Pareto comparison.

Assuming CFO is negligible, then θ[n] can be treated as constant through-
out n. In particular, a constant ejθ would not have an effect on a[n] in (3.2),
as we have ejθ · e−jθ = 1. Given this, we can simply remove the term ejθ in
(3.5) and write it as

y[n] =
√
Ps[n] + w[n] (3.7)

Given that the term ejθ would not have an effect on the computation of
a[n] and b[n] in (23.2) and (3.3), we have

lR[n] = aR[n]/b[n] (3.8)

where the subscript R represents the real part of a variable. We refer to the
modification we made over the conventional S&C algorithm as the real-part
S&C (RP-S&C) algorithm.

In our later experiments presented in Fig. 3.7, we will replace the zero-
CFO assumption with practical CFO conditions that represent real-world
scenarios. Experimental results therein prove that RP-S&C has superior
performance than conventional S&C even in the presence of CFOs, as long
as the CFO value is within the tolerance of modern technologies.

For packet detection, we are interested in whether lR[n] > ρ. Yet, an-
alyzing lR[n] (also, the original l[n]) is challenging as it is the ratio of two
non-independent random variables. We note that saying lR[n] > ρ is equiv-
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alent to saying
r[n]

∆
= aR[n]− ρb[n] > 0 (3.9)

We refer to r[n] as the “compensated autocorrelation”.5 That is, aR[n]
is the real part of the autocorrelation and we compensate it by subtracting
ρb[n] from it. Having a large aR[n] does not necessarily mean that there
is a packet because it could be due to a large exogenous interference (e.g.,
Bluetooth interference on WiFi). However, large exogenous interference also
has relatively larger b[n] compared with aR[n], and hence r[n] is likely to be
small in that case.

There are two key advantages of focusing on r[n] in (3.9) rather than
lR[n] in (3.8) (or l[n] in (3.1), which is even more complex analytically).
First, compared with lR[n], r[n] is much easier to analyze. The reason lR[n]

is difficult to analyze is its ratio form. Meanwhile, r[n] is a simple linear
combination of aR[n] and b[n], and it can be approximated as a Gaussian
random variable (elaborated below). Second, for a multi-antenna system,
we could add the weighted r[n] of different antennas to form a weighted-
combined r[n] and compare that with a threshold for packet detection pur-
poses. Again, the weighted-combined r[n] is amenable to rigorous noise anal-
ysis since the weighted combination can also be approximated as a Gaussian
random variable. This allows us to investigate the optimality of different
weight combinations on a rigorous basis.

3.2.3 Analysis of RP-S&C with Gaussian Approximation

We now analyze b[n], aR[n], and their cross term aR[n]b[n]. Based on these
analyses, we obtain the mean and variance of r[n]. We then approximate
r[n] as a Gaussian random variable with the computed mean and variance.
Finally, we utilize the distribution of r[n] to determine the false-alarm prob-
ability and the missed-detection probability.

5Note that if we were to define the compensated autocorrelation as r[n] = |a[n]|−ρb[n]

to correspond to the original S&C, |a[n]| would consist of a non-linear expression of its real
and imaginary parts, complicating the noise analysis and extension to the multi-antenna
case later. With (3.9), though the noise analysis is still hard, it is at least tractable, as
will be shown later.
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Let us start with b[n]. We have that

E (b[n]) = P + σ2 (3.10)

For the analysis of V ar (b[n]), we write b[n] as

b[n] =
1

2η

2η−1∑
k=0

y[n+ k] · y∗[n+ k]

=
1

2η

2η−1∑
k=0

P |s[n+ k]|2 +
√
Ps[n+ k]w∗[n+ k]

+
√
Ps∗[n+ k]w[n+ k] + w[n+ k]w∗[n+ k]


= P +

√
P

η

2η−1∑
k=0

(sR[n+ k]wR[n+ k] + sI [n+ k]wI [n+ k])

+
1

2η

2η−1∑
k=0

(
w2
R[n+ k] + w2

I [n+ k]
)

(3.11)

where subscript R and subscript I represent the real and imaginary parts
of a term, respectively.

Considering that E
(
w3
R[n]

)
= E

(
w3
I [n]

)
= 0 and that wI(n) and wR(n)

are i.i.d, we write E
(
b2[n]

)
as in (3.12).

E
(
b2[n]

)
= E


(
P +

√
P

η

2η−1∑
k=0

(
sR[n+ k]wR[n+ k]

+sI [n+ k]wI [n+ k]

)
+

1

2η

2η−1∑
k=0

(
w2

R[n+ k]

+ w2
I [n+ k]

))2


=

(
P 2 + 2Pσ2 +

P

η
σ2

)
+

E
(
w4

R[n]
)
+ E

(
w4

I [n]
)
+ 2E

(
w2

R[n]
)
E
(
w2

I [n]
)

2η

+
4(2η − 1)E

(
w2

R[n]
)
· E
(
w2

I [n]
)

2η

=

(
P 2 +

2η + 1

η
Pσ2

)
+

E
(
w4

R[n]
)

η
+

E2
(
w2

R[n]
)

η
+

2(2η − 1)E2
(
w2

R[n]
)

η

= P 2 +
2η + 1

η
Pσ2 +

E
(
w4

R[n]
)

η
+

σ4
/
4 + 2(2η − 1)σ4

/
4

η
(3.12)

Note that random variable
√

2/σ2wR is of the standard normal distribution.
Thus, (2/σ2)w2

R[n] is a chi-square distribution of degree 1, and we have

E

[(
2

σ2
w2
R[n]

)2
]
= V ar

(
2

σ2
w2
R[n]

)
+E2

(
2

σ2
w2
R[n]

)
= 3

⇒ E
(
w4
R[n]

)
= 3σ4/4

(3.13)
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Substituting (3.13) into (3.12), we have

E
(
b2[n]

)
=
(
P 2+2Pσ2 + σ4

)
+

2Pσ2 + σ4

2η
(3.14)

With (3.14), we have

V ar (b[n]) = E
(
b2[n]

)
− E2 (b[n]) =

2Pσ2 + σ4

2η
(3.15)

We next look at aR[n]. We can write a[n] as

a[n] = 1
η

η−1∑
k=0

y[n− k]·y∗[n− η − k]

= P + 1
η

η−1∑
k=0

{ √
P (s[n− k]w∗[n− η − k] + s∗[n− k]w[n− k])

+ w[n− k]w∗[n− η − k]

}
(3.16)

We extract the real part of (3.16) and write aR[n] as

aR[n]=P+ 1
η

η−1∑
k=0



√
P

(
sR[n−k]wR[n−η−k]

+sI [n−k]wI [n−η−k]

)

+
√
P

(
sR[n−k]wR[n−k]

+sI [n−k]wI [n−k]

)
+ wR[n−k]wR[n−η−k]

+ wI [n−k]wI [n−η−k]


(3.17)

From (3.17), as zero-mean Gaussian noise terms at different time indexes
are independent, we have

E (aR[n]) = P (3.18)

Similarly, we have

E
(
a2R[n]

)
=P 2+

1

η2

η−1∑
k=0



PE


(

s2R[n−k]w2
R[n−η−k]

+s2I [n−k]w2
I [n−η−k]

)

+

(
s2R[n−k]w2

R[n−k]

+s2I [n−k]w2
I [n−k]

)


+E

(
w2
R[n−k]w2

R[n−η−k]

+w2
I [n−k]w2

I [n−η−k]

)


=P 2+

Pσ2

η
+
σ4

2η

(3.19)
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From (3.18) and (3.19), we get

V ar(aR[n]) = E(a2R[n])− E2(aR[n]) =
2Pσ2 + σ4

2η
(3.20)

We next look at aR[n]b[n]. With (3.11) and (3.17), we obtain E (aR[n] · b[n])
as in (3.21).

E (aR[n] · b[n])

= E


P +

√
P
η

η−1∑
k=0


(

sR[n + k]wR[n + η + k]

+sI [n + k]wI [n + η + k]

)

+

(
sR[n + k]wR[n + k]

+sI [n + k]wI [n + k]

)
 + 1

η

η−1∑
k=0

{
wR[n + k]wR[n + η + k]

+wI [n + k]wI [n + η + k]

}
×
(

P +
√

P
η

2η−1∑
k=0

(
sR[n + k]wR[n + k]

+sI [n + k]wI [n + k]

)
+ 1

2η

2η−1∑
k=0

(
w2

R[n + k] + w2
I [n + k]

) )


=

P 2 + P
η2

η−1∑
k=0

{
s2R[n + k]E(w2

R[n + k])

+s2I [n + k]E(w2
R[n + k])

}
+ P

η2

η−1∑
k=0

{
s2R[n + k]E(w2

R[n + η + k])

+s2I [n + k]E(w2
R[n + η + k])

}
+ P

2η

2η−1∑
k=0

{
E(w2

R[n+ k]) + E(w2
I [n+ k])

}
= P 2 + Pσ2

/
η + Pσ2

(3.21)
With the above analyses, we now calculate E (r[n]) as

E (r[n]) = E (aR[n])− ρE (b[n]) = (1− ρ)P − ρσ2 (3.22)

Further, with (3.14), (3.19), and (3.21), we have

E
(
r2[n]

)
= E

(
a2R[n]

)
+ ρ2E

(
b2[n]

)
− 2ρE (aR[n]b[n])

= (1−ρ)2P 2+
(1−ρ)2 + 2ηρ (ρ−1)

η
P+

1+ρ2 (2η+1)

2η
σ4

(3.23)

With (3.22), and (3.23), we have

V ar(r[n])=E
(
r2[n]

)
−E2 (r[n])=

(1−ρ)2

η
Pσ2+

1+ρ2

2η
σ4 (3.24)

We now explain why r[n] can be approximated as a Gaussian random
variable. From (3.11) and (3.17), we see that both b[n] and aR[n] are a sum of
many noise terms. In a practical random-access system, the number of terms
can be quite large (see the chapter below for numerical justifications). Hence,
we can apply the Central Limit Theorem to approximate b[n] and aR[n] as
Gaussian variables [66]. Further considering that r[n] = aR[n] − ρb[n], we
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approximate r[n] as a Gaussian variable. Then with E(r[n]) and V ar(r[n])

given in (3.22) and (3.24), we write the distribution of r[n] as

r[n] ∼ N

(
(1− ρ)P − ρσ2,

(1− ρ)2

η
Pσ2 +

1 + ρ2

2η
σ4

)
(3.25)

We can define things in terms of SNR by transforming r[n] to r[n]
/
σ2. After

the transformation, we have

r[n] ∼ N

(
(1− ρ)γ − ρ ,

(1− ρ)2

η
γ +

1 + ρ2

2η

)
(3.26)

where γ = P
/
σ2 is the SNR of the studied antenna. In the rest of this chap-

ter, unless stated otherwise, we mean the post-transformation r[n] written
as the function of γ when we mention r[n].

Note that r[n] in (3.26) represents the general setting. To analyze the
missed-detection probability, we need to assume that there is a packet over
the air (i.e., γ ̸= 0). To analyze the false-alarm probability, on the other
hand, we need to assume that there is no packet and there is only noise (i.e.,
γ = 0). For clear descriptions, let us distinguish r[n] with “packet and noise
input” and that with “noise input only” by subscript P and subscript N ,
respectively. Furthermore, we use r[n] to represent general cases regardless
of the input type. We have

rP [n] ∼ N

(
(1− ρ)γ − ρ ,

(1− ρ)2

η
γ +

1 + ρ2

2η

)
, γ ̸= 0 (3.27)

and
rN [n] ∼ N

(
−ρ ,

1 + ρ2

2η

)
(3.28)

To analyze false alarms and missed detections, we define z to be the
normalized r[n]:

z =
r[n]− E (r[n])√

V ar (r[n])
, z ∼ N(0, 1) (3.29)

Note the normalization in (3.29) is the general case that works for both
rP [n] and rN [n].

By the definition of missed detection (i.e., not claiming packet detection
when there is a packet), we can write the missed-detection probability PMD
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as

PMD=
1√
2π

∫ − E(rP [n])√
V ar(rP [n])

−∞
e−

z2

2 dz = Q

(
E (rP [n])√
V ar (rP [n])

)

=Q

 √
η ((1− ρ)γ − ρ)√

(1− ρ)2γ + (1 + ρ2)
/
2

 (3.30)

where Q(.) is the well-known Q function [67].
By the definition of false alarm (i.e., claiming packet detection when

there is no packet), we write the false-alarm probability PFA as

PFA =
1√
2π

∫ ∞

− E(rN [n])√
V ar(rN [n])

e−
x2

2 dx = Q

(
− E (rN [n])√

V ar (rN [n])

)

= Q

(√
2ηρ2

1 + ρ2

) (3.31)

3.2.4 Validating Gaussian Assumption

In our analysis above, we make the Gaussian approximation on r[n] to derive
the closed-forms expressions of PMD and PFA. Here, we present simulation
results that do not make the Gaussian approximation to validate the an-
alytical results with the assumption. We can see from Fig. 3.4a and Fig.
3.4b that the simulation results annotated by markers well match the cor-
responding analytical curve when there are no less than 16 terms in the
summation of aR[n] and b[n], i.e., η ≥ 16. In a practical random-access
system, the length of an STS is typically no smaller than 16. For example,
in IEEE 802.11, the total preamble length is 160 samples [68]. If we apply
the two-STS setting as in this chapter, we have η = 80. Hence, we can
confidently say that our Gaussian approximation on r[n] is very precise on
realistic systems, and the expressions of PMD and PFA we derived in (3.30)
and (3.31) are trustworthy.
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Figure 3.4: (a) Simulated and analytical results of false-alarm probability
under various η and ρ settings. (b) Simulated and analytical results of
missed-detection probability under various η, γ, and ρ settings.
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3.3 Benchmarking RP-S&CWith the Conventional
S&C Algorithms

This chapter proposes a rigorous method to benchmark the performance of
various packet detection schemes. We use this method to compare the per-
formance of the conventional S&C algorithm with our RP-S&C algorithm.

Previous studies have evaluated packet detection schemes solely based
on the missed-detection probability. For instance, [51] experimentally in-
vestigated several packet detection schemes for vehicular communication,
but the authors simply concluded the superiority of one scheme over others
based on the number of missed detected packets only, assuming the same
threshold for all the schemes under consideration. However, the considera-
tion of false-alarm probability exposes a fundamental flaw of this approach.
In essence, a packet detection scheme can trade off between the probabilities
of false alarm and missed detection by adjusting its threshold. Lowering the
detection threshold reduces the probability of missed detection while simul-
taneously increasing the probability of false alarm. Thus, simply compar-
ing missed detections without considering false alarms, or comparing false
alarms without considering missed detections, is not reasonable.

A simple approach that simultaneously addresses both false alarms and
missed detections is to construct a testing dataset and treat the packet
detection process as a binary classification problem, where the goal is to
determine whether a packet is present over the air. However, we emphasize
that this approach heavily depends on the proportions of the presence and
absence of packets in the testing dataset. For instance, if the dataset is
collected in an idle environment with minimal traffic – i.e., where no CSMA
packets are present for most of the time – then most of the data in the
dataset correspond to the scenario where packets are absent. If scheme A is
a lot more aggressive than scheme B in declaring the presence of a packet,
then scheme A may not appear to be as good as scheme B in the classification
problem. On the other hand, in the scenario where the traffic is heavy, most
of the data correspond to the scenario where there is a packet, and scheme
A may appear to be better than scheme B in the classification problem.

Pareto-superiority is a stricter form of comparison between schemes that
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are independent of the dataset. In particular, if we can show that scheme A
is Pareto-superior to scheme B, then regardless of the the traffic situation,
scheme A will have a better performing operating point than scheme B (i.e.,
that scheme A is better than scheme B is dataset independent). Appendix
I expresses this notion in a mathematically rigorous manner.

We now elaborate the Pareto comparison. Suppose that we have two
packet detection schemes, A and B. In general, we can adjust ρA and ρB

to obtain the tradeoff curves for the operating points
(
PA
FA(ρA), P

A
MD(ρA)

)
and

(
PB
FA(ρB), P

B
MD(ρB)

)
, respectively. To illustrate our point, in Fig.

3.5, we plot an example of
(
PA
FA(ρA), P

A
MD(ρA)

)
curve and an example of(

PB
FA(ρB), P

B
MD(ρB)

)
curve for two fictitious schemes A and B. We now

explain how we benchmark schemes A and B.
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Figure 3.5: Two example MD-FA curves for illustrating our “Pareto com-
parison” benchmarking method.

We can find the thresholds for schemes A and B, ρA and ρB, such that
their false-alarm probabilities are equal. For example, in Case one of Fig.
3.5, we fix PA

FA(ρA) = PB
FA(ρB) = 10−6. Note that ρA and ρB are not

necessarily equal for the same false-alarm probability in both schemes. For
Case one, we have PB

MD(ρB) < PA
MD(ρA), and thus we say scheme B is
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superior to scheme A for this particular operating point. Alternatively, for
Case two in the figure, we fix PA

MD(ρA) = PB
MD(ρB) = 10−4 and observe

that PB
FA(ρB) < PA

FA(ρA), and thus again we say scheme B is superior to
scheme A for this particular operating point. In general, in Fig. 3.5, scheme
B is superior to scheme A in the Pareto-sense in that the overall PMD versus
PFA curve (referred to as the MD-FA curve) of scheme B is lower than that
of scheme A.

If the two curves crisscross each other, it is inconclusive as to which
scheme is superior. However, as illustrated in Fig. 3.6a, if the curve of
scheme B is consistently lower than that of scheme A within a specific re-
gion of interest (e.g., false-alarm probability not exceeding 10−6 and missed-
detection probability not exceeding 10−4), we can conclude that scheme B
outperforms scheme A in that particular region (although the two curves
may still crisscross outside the region of interest). Conversely, if the two
curves intersect within the region of interest (as illustrated in Fig. 3.6b), we
consider scheme A and scheme B to be comparable in that region, resulting
in a “draw” in terms of benchmarking the two schemes.

Given the above context, we now examine the performance of RP-S&C
and conventional S&C. We assume a 0.2ppm/2ppm/5ppm oscillator offset in
accordance with the state-of-the-art/typical/worst CFO condition that one
may encounter in modern communication hardware.6 Fig. 3.7 shows that
the MD-FA curves of RP-S&C consistently lie below those of conventional
S&C in various practical SNR and CFO settings, validating our statement
that taking the real part of a[n] is advantageous for packet detections.

6We conducted real-world experiments to test the CFOs of several commercial WiFi
devices and examined the CFOs of a well-known open-source wireless channel dataset
[51]. Our experiments revealed that the oscillator offsets of the tested hardware and
the evaluated dataset are limited to a maximum of 2ppm. Thus, we take 2ppm as the
typical oscillator offset. Moreover, we reviewed state-of-the-art research efforts published
in top venues [55, 57] and found that the oscillator offsets reported no larger than 0.2ppm.
Hence, we consider 0.2ppm to be the state-of-the-art oscillator offset. We assume a 5ppm
oscillator offset as the worst-case scenario.
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Figure 3.6: (a) An example to illustrate that one scheme is superior to the
other within a specific region of interest. (b) An example to illustrate that
one scheme is comparable with the other within a specific region of interest.
The green dashed lines in the two figures demarcate the region of interest.
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Figure 3.7: RP-S&C versus conventional S&C under various CFO and SNR
conditions.
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3.4 RP-S&C for Multi-Antenna Packet Detection:
Analysis and Optimization

3.4.1 Problem Formulation

Assume that there are NR antennas in a receiver. Let us denote the aR[n],
b[n], and r[n] of antenna j by aR,j [n], bj [n], and rj [n], respectively. We want
to combine rj [n] with carefully chosen weights αj so that the post-combined
r[n] yields good packet-detection performance in terms of false alarm or
missed detection (or both). Let rM [n] represent the post-combined r[n] in
the multi-antenna case to distinguish it from r[n] in the single-antenna case.
The general expression of rM [n] is

rM [n] =

NR∑
j=1

αjrj [n] =

NR∑
j=1

αj (aR,j [n]− ρbj [n]) (3.32)

In the following, we investigate the optimal assignment for weight vector
α = {α1, ..., αNR

}. Recall from the discussion in Chapter 3.2.4 that both
false alarm and missed detection are important aspects of a packet detection
algorithm. For a given threshold ρ, the weight vector minimizing false-alarm
probability is different from that minimizing missed-detection probability.

a. Minimizing False-Alarm Probability
Assume that there is no packet, as in (3.28), rN,j [n] can be approximated

as a Gaussian random variable:

rN,j [n] ∼ N

(
−ρ ,

1 + ρ2

2η

)
(3.33)

Thus, we have

E
(
rMN [n]

)
=

NR∑
j=1

αjE (rN,j [n]) = −ρ ·
NR∑
j=1

αj (3.34)

and

V ar
(
rMN [n]

)
=

NR∑
j=1

α2
j · V ar (rN,j [n]) =

1 + ρ2

2η

NR∑
j=1

α2
j (3.35)

As in (3.31), the false-alarm probability in the multi-antenna case is
given by

PM
FA = Q

√ 2η

1 + ρ2
· ρ ·

NR∑
j=1

αj

/√√√√NR∑
j=1

α2
j

 (3.36)
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We note from (3.36) that, for any weight vector α, the weight vector
scaled by a constant c > 0 yields the same PM

FA. We can impose a normal-
ization condition

∑NR
j=1 αj = 1 without changing the outcome. Hence, we

can formulate the optimization problem as

max f(α) =

NR∑
j=1

α2
j

−1

,

subject to
NR∑
j=1

αj = 1, and αj ≥ 0 ∀j ∈ {1, ..., NR}

(3.37)

b. Minimizing Missed-Detection Probability
Assume that there is a packet, as in (3.27), rP,j [n] can be approximated

as a Gaussian random variable:

rP,j [n] ∼ N

(
(1− ρ)γj − ρ ,

(1− ρ)2

η
γj +

1 + ρ2

2η

)
(3.38)

Thus, we have

E
(
rMP [n]

)
=

NR∑
j=1

αjE (rP,j [n]) =

NR∑
j=1

αj [(1− ρ)γj − ρ] (3.39)

and

V ar
(
rMP [n]

)
=

NR∑
j=1

α2
j · V ar (rP,j [n])

=

NR∑
j=1

α2
j

[
(1− ρ)2

η
γj +

1 + ρ2

2η

] (3.40)

As in (3.30), the missed-detection probability is given by

PM
MD = Q

 E
(
rMP [n]

)√
V ar

(
rMP [n]

)


= Q

√
η

NR∑
j=1

αj [(1− ρ)γj − ρ]√
NR∑
j=1

α2
j

[
(1− ρ)2γj + (1 + ρ2)

/
2
]


(3.41)
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With (3.41), we impose a practical constraint7 of γi > ρ/(1− ρ) for every
antenna so that we have (1− ρ)γi − ρ > 0, ∀i ∈ {1, ...NR}, which means the
numerator term within the Q function is always positive. With that, we can
formulate the optimization problem as

max g(α) =

(
NR∑
j=1

αj [(1− ρ)γj − ρ]

)2

NR∑
j=1

α2
j

[
(1− ρ)2γj + (1 + ρ2)

/
2
]

subject to
NR∑
j=1

αj = 1, and αj ≥ 0 ∀j ∈ {1, ..., NR}

(3.42)

Note from (3.37) and (3.42) that both minimizing false alarm and mini-
mizing missed detection are subjected to the constraint of

∑NR
j=1 αj = 1 and

αj ≥ 0 ∀j ∈ {1, ..., NR}. In the rest of this chapter, we call α = {α1, ..., αNR
}

a feasible weight vector only if it satisfies the constraint.

3.4.2 Optimal Weights for False Alarm (WFA) and Missed
Detection (WMD)

Proposition 1. For a receiver with NR antennas, equal-weight assignment
αj = 1/NR to rN,j [n] yields the minimum PM

FA.

Proof.

arg max
α

s.t.
∑

αj=1,αj≥0

f(α) = arg min
α

s.t.
∑

αj=1,αj≥0

NR∑
j=1

α2
j (3.43)

It is easy to see that the answer to (3.43) is found by setting αj = 1/NR

for all j. ■
Finding the optimal weights for PM

MD is more challenging. Let us look
at the derivative of g(α) over αj :

∂g(α)

∂αj

∆
=

n(αj)

d(αj)
(3.44)

7We will later show that a typical ρ in practical multi-antenna systems is no larger
than 0.5, which means ρ/(1− ρ) is no larger than 0dB. If an antenna i has SNR γi of 0
dB or lower, it will not contribute much to packet detection and packet decoding, and we
might as well omit it in both considerations. In other words, in this analysis, we assume
that antennas with SNR of less than ρ/(1− ρ) would not be used for packet detection
purposes.
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where the denominator d(αj) is always positive, i.e.,

d(αj) =

(
NR∑
m=1

α2
m

[
(1− ρ)2γm +

1 + ρ2

2

])2

> 0 (3.45)

and the numerator n(αj) is analyzed in (3.46):

n(αj)

=

2

(
NR∑
m=1

α2
m

[
(1−ρ)2γm+1+ρ2

2

])( NR∑
m=1

αm [(1−ρ)γm−ρ]

)
[(1−ρ)γj−ρ]

−

(
NR∑
m=1

αm [(1− ρ)γm − ρ]

)2

· 2αj

[
(1− ρ)2γj +

1+ρ2

2

]

=
2

(
NR∑
m=1

αm [(1− ρ)γm − ρ]

)
︸ ︷︷ ︸

Term A


(
[(1− ρ)γj − ρ] ·

NR∑
m=1

α2
m

[
(1− ρ)2γm + 1+ρ2

2

])
−
[
(1− ρ)2γj +

1+ρ2

2

]
·
(

NR∑
m=1

αmαj [(1− ρ)γm − ρ]

)
︸ ︷︷ ︸

Term B

=
2

(
NR∑
m=1

αm [(1− ρ)γm − ρ]

)
︸ ︷︷ ︸

Term A


NR∑
m=1

αm


(αm − αj)

(
(1− ρ)3γmγj − (1+ρ2)ρ

2

)
+(αmγj − αjγm) (1+ρ2)(1−ρ)

2
+

(αjγj − αmγm)ρ(1− ρ)2


︸ ︷︷ ︸

Term B

=
2

(
NR∑
m=1

αm [(1− ρ)γm − ρ]

)
︸ ︷︷ ︸

Term A


[(1− ρ)γj − ρ] ·

∑
m ̸=j

α2
m

[
(1− ρ)2γm + 1+ρ2

2

]
−αj

[
(1− ρ)2γj +

1+ρ2

2

]
·
∑
m ̸=j

αm [(1− ρ)γm − ρ]

︸ ︷︷ ︸
Term B

(3.46)
In (3.46), we write n(αj) as the product of term A and term B. In term

A, we impose the practical constraint described in footnote seven once again,
i.e., (1 − ρ)γm − ρ > 0, ∀m ∈ {1, ...NR}. With

∑NR
j=1 αj = 1, αj ≥ 0 and

(1 − ρ)γm − ρ > 0, we know that term A is positive. Within term B, the
terms in which m = j in the two summations cancel out each other, so we
can exclude them in the summations and obtain the final form of term B as
in the last line.

We note that for a locally optimal solution, we require ∂g(α)
∂αj

=
n(αj)
d(αj)

= 0

for all j ∈ {1, ..., NR}. Thus, term B should be zero and the following
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equation should hold:

[(1− ρ)γj − ρ] ·
∑
m ̸=j

α2
m

[
(1− ρ)2γm +

1 + ρ2

2

]

= αj

[
(1− ρ)2γj +

1 + ρ2

2

]
·
∑
m ̸=j

αm [(1− ρ)γm − ρ]

(3.47)

From (3.47), we have

αj=

∑
m ̸=j

α2
m

[
(1−ρ)2γm+(1+ρ2)

/
2
]
[(1−ρ)γj−ρ]∑

m ̸=j

αm

[
(1−ρ)2γj+(1+ρ2)

/
2
]
[(1−ρ)γm−ρ]

, j ∈ {1, ..., NR} (3.48)

To investigate (3.48), we start from the simple two-antenna case, i.e., we
only have antenna 1 and antenna 2. We have

α1 =
α2
2[(1− ρ)2γ2 + (1 + ρ2)

/
2][(1− ρ)γ1 − ρ]

α2[(1− ρ)2γ1 + (1 + ρ2)
/
2][(1− ρ)γ2 − ρ]

(3.49)

α2 =
α2
1[(1− ρ)2γ1 + (1 + ρ2)

/
2][(1− ρ)γ2 − ρ]

α1[(1− ρ)2γ2 + (1 + ρ2)
/
2][(1− ρ)γ1 − ρ]

(3.50)

The above gives

α1

α2
=

[(1− ρ)2γ2 + (1 + ρ2)
/
2][(1− ρ)γ1 − ρ]

[(1− ρ)2γ1 + (1 + ρ2)
/
2][(1− ρ)γ2 − ρ]

=
[(1− ρ)γ1 − ρ]

[(1− ρ)2γ1 + (1 + ρ2)
/
2]

/
[(1− ρ)γ2 − ρ]

[(1− ρ)2γ2 + (1 + ρ2)
/
2]

(3.51)

As in the above discussion, we impose the constraint of
∑NR

j=1 αj = 1.
Thus, a feasible locally optimal solution for the two-antenna case is given
by

αj = c
[(1− ρ)γj − ρ]

[(1− ρ)2γj + (1 + ρ2)
/
2]

(3.52)

where

j = 1, 2, c =

(
2∑

m=1

[(1− ρ)γm − ρ]

[(1− ρ)2γm + (1 + ρ2)
/
2]

)−1

(3.53)

We now extend the analysis to cases with more than two antennas. We
shall see that the solution form of (3.52) is retained for the general case.
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With the general expression of αj given in (3.48), we can verify that a
feasible locally optimal solution for a NR-antenna case is

αj = c
(1− ρ)γj − ρ

(1− ρ)2γj + (1 + ρ2)
/
2

(3.54)

where

j = 1, 2, ...NR, c =

(
NR∑
m=1

[(1− ρ)γm − ρ]

[(1− ρ)2γm + (1 + ρ2)
/
2]

)−1

(3.55)

In the rest of this chapter, we denote the weight vector calculated ac-
cording to (3.54) by αo. We now prove that αo is the unique solution that
yields the global maximum g(α).

Proposition 2. If a feasible weight vector α does not satisfy (3.54), i.e.,
α ̸= αo, then α is non-optimal. Thus, αo in (3.54) is the unique optimal
solution to minimizing PMD as per (3.47).

Proof. We prove that there is another solution α′ that yields g(α′) > g(α).
We first note that it is not possible that αj < αo

j for all j ∈ {1, ..., NR}
or αj > αo

j for all j ∈ {1, ..., NR} because that would mean
∑NR

j=1 αj < 1

or
∑NR

j=1 αj > 1. Thus, given that α ̸= αo and that α is feasible (i.e.,∑NR
j=1 αj = 1), there must be at least one k such that αk/α

o
k > 1 and at

least one i such that αi/α
o
i < 1. Let us refer to αj

/
αo
j as the weight ratio

of index j. In general, there could be multiple weight ratios of different
indexes that attain the maximum, and multiple weight ratios of different
indexes that attain the minimum. Let the respective sets be

K =

{
k :

αk

αo
k

= maxj
αj

αo
j

}
and I =

{
i :

αi

αo
i

= minj
αj

αo
j

}
(3.56)

Now, consider a k ∈ K and an i ∈ I . We have that

αk >
αj

αo
j

αo
k, ∀j /∈ K and αi <

αj

αo
j

αo
i , ∀j /∈ I (3.57)

With (3.57), we now look back to (3.46) and prove that n(αk) < 0. For
detailed proof, please refer to (3.58) below, where we obtain the last equality
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by substituting αo
k and αo

m in accordance with (3.54) into the second line.

n(αk)

=
2

 NR∑
m=1

αm [(1 − ρ)γm − ρ]


︸ ︷︷ ︸

Term A


[(1 − ρ)γk − ρ] ·

∑
m̸=k

α2
m

[
(1 − ρ)2γm + 1+ρ2

2

]
−αk

[
(1 − ρ)2γk + 1+ρ2

2

]
·
∑

m̸=k
αm [(1 − ρ)γm − ρ]

︸ ︷︷ ︸
Term B

<
2

 NR∑
m=1

αm [(1 − ρ)γm − ρ]


︸ ︷︷ ︸

Term A


[(1 − ρ)γk − ρ] ·

∑
m̸=k

α2
m

[
(1 − ρ)2γm + 1+ρ2

2

]
−
[
(1 − ρ)2γk + 1+ρ2

2

]
·
∑

m ̸=k
α2
m

αo
k

αo
m

[(1 − ρ)γm − ρ]

︸ ︷︷ ︸
Term B

= 0

(3.58)

Similar to the proof in (3.58), we can also show that n(αi) > 0. Thus,
for an infinitesimally small ε > 0, we have that

∂g(α)

∂αi
ε− ∂g(α)

∂αk
ε = ε

[
n(αi)

d(αi)
− n(αk)

d(αk)

]
> 0 (3.59)

Given that g(α) is twice differentiable in αk and αi, we can construct a
feasible solution α′ such that g(α′) > g(α) as follows:

α′
k = αk − ε/|K|, ∀k ∈ K

α′
i = αi + ε/|I|, ∀i ∈ I

α′
j = αj , ∀j ∈ J

(3.60)

where J = {1, ..., NR} − I − K is the complement set of I ∪ K; |I| and |K|
denote the cardinality of I and K, respectively. ■

Remark 3. Although the above proof is complete by itself, a question that
we might ask is how large can ε be (i.e., it does not have to be infinitesimally
small). By similar reasoning as in the proof, we note that as we increase
ε, we would still have ∂g(α′)/∂α′

k < 0 and ∂g(α′)/∂α′
i > 0 provided that

αk
′ >

(
αj

/
αo
j

)
αo
k for all j /∈ K and αi

′ <
(
αj

/
αo
j

)
αo
i for all j /∈ I.

Thus, we can increase ε until either αk
′ =

(
αj

/
αo
j

)
αo
k for some j /∈ K

(i.e., αj

/
αo
j is the second largest weight ratio here), or αi

′ =
(
αj

/
αo
j

)
αo
i for

some j /∈ I (i.e., αj

/
αo
j is the second smallest weight ratio here), whichever

equality is fulfilled first. In particular, we can set

ε =


min

 |K|
(
αk − max

j /∈K

(
αj

αo
j
αo
k

))
, |I|
(

min
j /∈I

(
αj

αo
j
αo
i

)
− αi

)
 ifJ ̸= ∅

|K| (αk − αo
k) = |I| (αo

i − αi) ifJ = ∅

(3.61)
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In fact, the above suggests an algorithmic way to march toward αo from
an arbitrary feasible α. We perform (3.60) in accordance with (3.61). Then,
with the new α′, the cardinality of the new I or the new K is enlarged. We
repeat the procedure until we get an even better solution α′′, The procedure
is repeated until we reach αo.

3.5 RP-S&C for Multi-Antenna Packet Detection:
Experiments and Discussions

Chapter 3.4.2 puts forth two weight-assignment solutions for the combi-
nation of r[n]: 1) WFA and 2) WMD. In a random-access network with
co-located antennas, WFA and WMD have similar performance because co-
located antennas have nearly the same SNR, resulting in similar weights for
both WFA and WMD.8 That is, WMD also results in roughly equal-weight
assignments.

Packet detection in advanced wireless communication systems with dis-
tributed antennas, also known as distributed antenna systems (DAS), in-
troduces different scenarios when comparing WFA and WMD because the
SNRs at non-co-located antennas may vary widely. DAS offers two distinct
advantages over conventional co-located antenna systems. First, co-located
antennas suffer from a weakness in that the signal blockage between the
transmitter antenna and the co-located receiver antennas results in no sig-
nal reception. In contrast, DAS allows for potential signal reception even if
one receiver antenna is blocked, thanks to clear paths of other non-blocked
antennas. Second, in DAS, the proximity between the transmitter and the
nearest receiver antenna tends to be smaller than the distance between the
transmitter and co-located receiver antennas, resulting in improved com-
munication quality between the transmitter and the receiver. However, the
distributed nature of DAS poses a new challenge in weight assignment. An-
tennas in DAS can be separated by tens to hundreds of wavelengths. This

8Signal at different co-located antennas may differ in phase, but it does not affect the
calculation of aR[n] and b[n]. There is little SNR difference between co-located antennas.
Hence, the weight assigned by WMD should be very close to that of WFA.
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discrepancy in propagation length among transmit-receive antenna pairs
leads to varying SNRs across the antennas. Given the varying SNRs, the
benchmarking of WFA and WMD becomes an issue.

3.5.1 Implementation Issues

Implementation-wise, WFA is a simple and practical scheme, as it requires
no additional system information except NR, the number of antennas. As
a result, WFA has lower implementation complexity, requires fewer compu-
tational resources, and consumes less signal processing time. In particular,
WFA does not need knowledge of the antenna SNRs of the antennas since
the weights do not depend on the SNRs.

For the false-alarm probability of WFA, we substitute αj = 1/NR into
(3.34) and (3.35) and obtain

E
(
rWFA
N [n]

)
= −ρ and V ar

(
rWFA
N [n]

)
=

1 + ρ2

2ηNR
(3.62)

where the subscript N denotes pure noise input. We know from (3.62) that
the false-alarm probability of WFA can be written as

PWFA
FA = Q

−
E
(
rWFA
N [n]

)√
V ar

(
rWFA
N [n]

)
 = Q

(√
2ηNRρ2

1 + ρ2

)
(3.63)

For the missed-detection probability, we substitute αj = 1/NR into
(3.39) and (3.40) and obtain

E
(
rWFA
P [n]

)
=

1− ρ

NR

NR∑
j=1

γj − ρ

V ar
(
rWFA
P [n]

)
=

(1− ρ)2

ηNR

NR∑
j=1

γj +
1 + ρ2

2ηNR

(3.64)

where the subscript P denotes packet-plus-noise input. From (3.64), we
have

PWFA
MD = Q

 E
(
rWFA
P [n]

)√
V ar

(
rWFA
P [n]

)


= Q

√
η ·

1−ρ

NR

NR∑
j=1

γj−ρ

/√√√√(1−ρ)2

N2
R

NR∑
j=1

γj+
1 + ρ2

2NR


(3.65)



CHAPTER 3. RELIABLE PACKET DETECTION IN CSMA 78

Implementing WMD is more complex, as WMD requires knowledge of
SNRs beforehand in order to calculate the weight of different antennas. How-
ever, obtaining the SNRs before packet detection is challenging, as accurate
SNR estimation typically requires pilot-based signal processing, which is
triggered by packet detection rather than preceding it. Thus, we have a
“chicken-and-egg dilemma” where we need to know the precise SNRs before
doing WMD, but typically SNR estimations happen after WMD.

A possible practical way to overcome the problem is to estimate the
SNR using the preamble. Specifically, we can measure the power of the
background noise when the receiver is idle. And then, as in (3.3), we calcu-
late b[n] for each antenna. We can coarsely estimate the SNR of an antenna
with the noise power and the b[n] of that antenna. However, this approach
has limitations. First, the power of background noise may vary over time,
but we only have the average noise power obtained during the idle period.
Second, the weight assignment in this scheme is highly sensitive to interfer-
ence. In shared spectrum environments, where most random-access systems
are deployed, wireless interferences are common (say wireless packets from
a Bluetooth device or a working microwave oven). These interferences may
add to the preamble sequence and increase b[n] (but such interference does
not increase aR[n] or aid in the packet detection process), making the es-
timated SNR larger than its actual value. Consequently, this scheme may
not be very reliable in practice.

We call the system with the coarse SNR estimation as practical WMD
(P-WMD), and the hypothetical system with perfect a priori knowledge of
SNRs as ideal WMD (I-WMD).

3.5.2 Benchmark WFA and WMD in two typical DAS sce-
narios

We now benchmark WFA and I-WMD/P-WMD with typical DAS scenar-
ios (see Chapter 3.3 for the Pareto benchmarking method). In our bench-
marking exercise, we set the maximum false alarm tolerance and missed
detection tolerance at Pmax

FA = 10−6 and Pmax
MD = 10−4, respectively. That

is, we are only interested in operating regions with false-alarm and missed-
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detection probabilities below these thresholds. We justify the tolerance set-
tings in the following. In a practical DAS, it is reasonable to assume that
a packet has no more than 1024 OFDM samples.9 Suppose that we want
the system to experience no more than one false alarm every 1000 pack-
ets on average. Then, the false-alarm probability should be no larger than
(1024× 1000)−1 ≈ 10−6. As for the missed-detection probability, we take
as reference the ultra-reliable low latency communication (URLLC) defined
by 3rd generation partnership project (3GPP) that requires at least 99.99%
successful packet decoding [70, 71], i.e., the transmission error tolerance
is no larger than 0.01% or 10−4. We assume a missed-detection tolerance
commensurate with the reliability requirement of packet decoding, corre-
sponding to a missing-detection probability of no more than 10−4.

Furthermore, as in the previous analysis, we consider a two-STS pream-
ble, with each STS having 16 samples (i.e., η = 16). We further assume that
the timing offsets between different packets have been compensated prior to
the application of WFA/I-WMD/P-WMD.10

We consider two typical DAS scenarios in the benchmark: the non-
blocked scenario and the partially blocked scenario. In the non-blocked
scenario, all transmit-receive pairs have clear propagation paths. In the
partially blocked scenario, the propagation paths of some receive antennas
are obstructed, leading to significantly lower SNRs than other antennas.
We do not consider the case where all receiver antennas are blocked because
it is unlikely to happen (since DAS is designed to avoid such situations).
Furthermore, even if the rare occasion happens, improving packet-detection
performance would be futile as the low SNRs in all antennas could prevent

9Recent WiFi standards, such as 802.11ax or future IEEE 802.11be, typically have a
the packet length no larger than 1024 samples. Moreover, a recent technical trend is to
achieve URLLC with short-packet communication (SPC), where a packet typically has no
more than 50 bytes [69], making the packet length much shorter than 1024 samples.

10Sample misalignment can be an issue for DAS. Due to the path-length discrepancy
between different transmit-receive antenna pairs, the samples collected at different anten-
nas may not be aligned in time (i.e., different propagation latency at different antennas).
The alignment of input samples is necessary before applying WFA/WMD in DAS. For
preambles with two STSs, the b[n] of each packet exhibits a sharp peak that indicates the
clear starting position of the preamble (see Fig. 3.2). We utilize the peak for alignment.



CHAPTER 3. RELIABLE PACKET DETECTION IN CSMA 80

successful packet decoding anyway.
Table I gives two examples of the SNR conditions in the non-blocked

scenario and the partially blocked scenario. Both examples consider four
distributed antennas.

Table 3.1: SNR conditions of two typical DAS examples.

Non-blocked DAS Partially Blocked DAS
Ant.1 3.6118 0.2013
Ant.2 3.8903 3.5843
Ant.3 4.0338 3.3318
Ant.4 3.3649 4.2489

Fig. 3.8a presents the MD-FA curves of WFA, I-WMD, and P-WMD
in the non-blocked scenario. It is clear that WFA outperforms the other
two schemes in this example. The reader may wonder why the two WMD
schemes turn out to have inferior missed-detection performance than WFA.
The reason is simple: WMD is superior to WFA in terms of missed-detection
performance only for a given fixed detection threshold ρ. However, WMD
has a higher false-alarm probability for that fixed ρ. For example, in Fig.
3.8a, we fix ρ = 0.45 and highlight the corresponding (PFA, PMD) for WFA
and I-WMD in points P1 and P2, respectively. As the figure shows, although
P2 has a lower missed-detection probability, its false-alarm probability is
much higher than P1. For the same false-alarm performance as WFA, I-
WMD would have to raise its ρ, which in turn increases its missed-detection
probability to the extent that it is worse than that of WFA (P3 in Fig. 3.8a).

For the partially blocked scenario, as we can see from Table I, antenna
one experiences a significantly low SNR due to blockage, while the other
three antennas remain unaffected. Fig. 3.8b presents MD-FA curves of
WFA, I-WMD, and P-WMD for this example. It is clear that WFA still
outperforms the other two schemes in the partially blocked scenario.
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Figure 3.8: (a) MD-FA curves of WFA/I-WMD/P-WMD in the non-blocked
scenario. (b) MD-FA curves of WFA/I-WMD/P-WMD in the partially
blocked scenario.
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3.5.3 Benchmark Results in a Distributed Antenna Dataset

After examining the above two typical scenarios, we now proceed to a more
general comparison between WFA and I-WMD/P-WMD. We use the same
benchmark scheme as in the above discussion (including the same Pmax

FA and
Pmax
MD settings) and conduct emulation experiments on DICHASUS [72], a

massive open-source wireless channel dataset collected in industrial environ-
ments. To conserve space, we do not present the numerous MD-FA curves
here.

We first give a general introduction of the dataset. The channel infor-
mation in DICHASUS was measured using 32 software-defined radio (SDR)
sensors and one transmitter that moves randomly in a factory. These 32
sensors were divided into four groups (Group A, B, C, and D), with each
group comprising eight sensors located in one corner of the factory. Fig. 3.9
shows the layout of the factory and the locations of the antenna groups A, B,
C, and D. The transmitter periodically transmits a reference packet that is
known to every sensor. Upon receiving the reference packet, an SDR sensor
compares it with the original version of the packet it knows a priori to ob-
tain the precise channel information. The DICHASUS dataset encompasses
in total 44,703 valid11 DAS measurements collected in five different days,
and each measurement has 32 pieces of channel information estimated by
the 4x8 distributed sensors through the same reference packet at the same
time.

We now give a look at the SNR information in DICHASUS. We denote
an antenna by Ant(i, j), where i ∈ {A,B,C,D} and j ∈ {1, 2, 3, 4, 5, 6, 7, 8}.
Each Ant(i, j) has 44,703 SNR measurements, and we denote the kth SNR
measurement by γi,j(k). Unless stated otherwise, experiments and discus-
sions below assume the original SNR values rather than the dB values.

With the above, we now study the SNR correlations of all 32 antennas
11In the data pre-processing stage, we discard a small portion of measurements that are

obviously invalid (or even wrong). For example, SNRs of some antennas are unreadable
(i.e., not a number, NaN) or smaller than 0dB. That may be caused by measurement (or
data recording) errors during the data collection. Furthermore, studying cases with less
than 0dB SNR is meaningless for our packet-detection research, as such cases will fail in
packet decoding anyway.
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Figure 3.9: The location of Group A/B/C/D and an example of a moving
transmitter.

and present the results in Fig. 3.10. Without loss of generality, we use
Ant(A, 1) as a reference and calculate the correlation between Ant(A, 1)

and Ant(i, j) by

corr {(A, 1), (i, j)} =

∑
k (γA,1(k)− γA,1) (γi,j(k)− γi,j)√∑

k (γA,1(k)− γA,1)
2 ·
∑

k (γi,j(k)− γi,j)
2 (3.66)

We have several observations from Fig. 3.10. First, SNRs of two co-
located antennas are highly positively correlated. For example, Fig. 3.11a
plots a 2-D scatter chart for Ant(A, 1) and Ant(A, 2), where a scatter point
(γA,1(k), γA,2(k)) is plotted for each k. We see that the points roughly fall
around the straight line y = x. We can obtain many similar 2-D scatter
charts if we consider co-located antennas within the same group.

Second, if we look at Ant(A, 1) and antennas in Group D, we observe
a weak and negative correlation between Ant(A, 1) and Ant(D, j). Fig.
3.11b uses Ant(D, 6) as an example to illustrate the relationship. As we
can see from the figure, the SNRs of Ant(A, 1) and Ant(D, 6) are generally
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Figure 3.10: A visual illustration of SNR correlations between different an-
tennas (using Ant(A, 1) as a reference).

negatively correlated. This can be explained by the distributed nature of
DAS: if one distributed antenna is weak, the other may still be strong. From
Fig. 3.9, we see that Group A and Group D are located in two opposite
corners of the factory. When the transmitter moves from one corner to
the opposite corner (Fig. 3.9 also provides an example of the trace of a
transmitter moving from Group A to Group D), we should observe a decrease
in SNR for one and an increase in SNR for the other. Furthermore, thanks
to this distributed nature of DAS, we see no fully blocked cases in Fig. 3.11b,
i.e., at least one antenna has an SNR larger than 3dB.

We now elaborate on our experimental settings. In the first step, we con-
struct a fixed two-STS preamble (with η = 16 in every STS). This preamble
sequence is used consistently throughout the experiment. Since our objec-
tive is to benchmark WFA and I-WMD/P-WMD in general cases to see if
one scheme consistently outperforms the other in practice, we emulate and
test all channel measurements in DICHASUS. For the testing of each mea-
surement, it is sufficient to represent a group of antennas with one or two
elements, given that the SNRs of co-located antennas within the same group
are highly positively correlated. Therefore, we randomly select two antennas
from each group to simplify the emulation. After the random antenna se-
lections, we emulate the corresponding 4x2 channels and transmit the fixed
preamble sequence through these emulated channels. At the receiver side of
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Figure 3.11: (a) The scatter plot of SNRs in Ant(A, 1) and Ant(A, 2). (b)
The scatter plot of SNRs in Ant(A, 1) and Ant(D, 6). In (b), the “fully
blocked zone” refers to the SNR region where both antennas have very low
SNR. Both two figures use the original SNR values rather than the dB values.
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the eight-antenna system, we apply WFA/I-WMD/P-WMD and record the
benchmark result. After testing one measurement, we move on to the next
measurement until we have completed testing all 44,703 measurements in
the DICHASUS dataset.

During the benchmark process, we found that some antennas have sig-
nificantly lower SNR than the other antennas when blockages occur. Let us
make the following definition: if an antenna’s SNR is lower than 3dB, we say
the antenna is blocked and the measurement is a blocked case. Our anal-
ysis reveals that 14.47% of the emulated eight-antenna systems encounter
varying degrees of blockage, while the remaining 85.53% of the emulated
systems are non-blocked. Thanks to the reliability advantage of DAS, no
fully blocked case (all antennas blocked) can be observed in the dataset.

Table 3.2: Benchmarking WFA and I-WMD/P-WMD with DICHASUS
dataset.

WFA v.s. I-WMD WFA v.s. P-WMD
WFA win Draw I-WMD win WFA win Draw P-WMD win

day 1 0.9218 0.0431 0.0351 0.9902 0.0048 0.0050
day 2 0.9002 0.0646 0.0352 0.9843 0.0079 0.0078
day 3 0.9104 0.0689 0.0207 0.9858 0.0101 0.0041
day 4 0.9169 0.0689 0.0142 0.9821 0.0107 0.0072
day 5 0.9251 0.0481 0.0268 0.9888 0.0058 0.0054
Avg. 0.9149 0.0587 0.0264 0.9862 0.0079 0.0059

Table II presents emulation results in detail, with 14.47% partially blocked
tested cases and 85.53% non-blocked cases. In the table, each row corre-
sponds to the benchmark conducted on a specific day. For each day, there
are three pieces of data that record the percentage of instances where “WFA
outperforms I-WMD/P-WMD in terms of packet detection”, “Draw”, and
“I-WMD/P-WMD outperforms WFA” (please refer to Chapter 3.3 for the
explanation of “Draw”). The last row of the table provides the average
results across all 44,703 measurements.

Table II shows that WFA outperforms both P-WMD and I-WMD by a
significant margin. On average, WFA surpasses its opponents in 91.49% of
cases when competing against I-WMD and in 98.62% of cases when compet-
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ing against P-WMD. Further, considering the draw cases, the percentage of
WFA not losing is 97.36% when competing with I-WMD and 99.41% when
competing with P-WMD.

Based on the above emulations, we recommend WFA as the desirable
choice for a realistic DAS due to the following reasons:

1) (Superior packet-detection performance) WFA consistently outperforms
both I-WMD and P-WMD in most cases, with an average percentage of
97.36% and 99.41%, respectively.

2) (Simplicity) WFA is much easier to implement, as it does not require
SNR estimations or complex weight calculations. In contrast, I-WMD is
not practical implementation-wise.

3) (Reliability) WFA is more reliable than P-WMD, as it is not sensitive
to noise or interference. This is critical in practical applications where
environmental factors may affect signal quality significantly.

3.6 Summary

This chapter provides a comprehensive treatment of packet detection for
random access networks. The conventional S&C algorithm suffers from
complex correlated noises in its packet-detection metric, making it difficult
to analyze. To address this, we propose an analytical framework using com-
pensated autocorrelation as the new metric for packet detection. Further
experimental results demonstrate that taking the real part of the autocor-
relation significantly enhances the performance of S&C.

By leveraging the analytical tractability of compensated autocorrela-
tion, we obtain accurate closed-form expressions for false-alarm and missed-
detection probabilities. These expressions provide a rigorous theoretical
foundation for fair Pareto benchmarking of packet-detection schemes and ex-
tension of single-antenna packet detection schemes to multi-antenna packet
detection schemes.

In particular, for multi-antenna detection, we can use the weighted sum
of compensated autocorrelations at different antennas as the metric without
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sacrificing analytical rigor. This approach enables us to determine the best
weights for minimizing the false-alarm probability (WFA) and the missed
detection probability (WMD). Our investigation suggests that WFA is the
preferred choice for practical application settings.

Overall, this chapter contributes to both the theory and practice of
packet detection for random access networks. Our theoretical foundation
provides insights on how to design packet detection schemes and how to
compare and benchmark them in a rigorous manner in practical systems.
Work conducted in this chapter has the potential to improve the perfor-
mance of packet detection in random access networks and advance the field
toward more efficient and reliable communication systems.



Chapter 4

LLM for FPGA-based SDR

4.1 Background

Wireless communication system prototyping on software-defined radio (SDR)
enables real-world validation and is, therefore, a crucial aspect of wireless
networking research [73]. Field-programmable gate arrays (FPGAs) have
emerged as a popular SDR platform in recent years due to their significant
reduction of processing latency compared to the conventional Universal Soft-
ware Radio Peripheral (USRP) platform.

While FPGAs provide a versatile platform for system realization, their
implementation poses a much steeper learning curve than conventional SDR
platforms. Unlike traditional SDRs, for which high-level languages like C or
Python are commonly used, FPGAs demand a more direct interaction with
hardware through hardware description languages (HDLs) such as Verilog.
The low-level programming, as well as the synthesis-friendly programming
style required in HDL [22], necessitate a deep understanding of signal pro-
cessing and internal hardware operations, prolonging the development cycle
of SDR designs.

Recent advancements in large language models (LLMs) suggest a po-
tential AI-assisted solution to accelerate HDL developments. Prior works
have explored the use of LLMs for automated bug repairs [23], basic Verilog
coding abilities [24], power-performance-area (PPA) optimization [25], and
the realization of sequential logic circuits such as an 8-bit shift register [26].

89
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These preliminary studies demonstrated LLMs’ ability in generating sim-
ple HDL codes for small atomic computation tasks. But signal-processing
algorithms in wireless SDRs are far more complex than these simple com-
putational tasks demonstrated in prior works. Realizing wireless signal-
processing algorithms requires highly parallel processing (for real-time op-
erations) and involves many complex mathematical computations.

Whether LLMs can successfully implement intricate signal-processing
algorithms remains an open question. This chapter investigates the imple-
mentation of the Fast Fourier Transform (FFT) algorithm as a case study
to assess the ability of LLMs in realizing intricate signal-processing algo-
rithms for wireless communication. We identify two primary challenges: 1)
handling complex mathematical problems that require multi-step reasoning
and 2) scheduling the execution of sub-modules within the complex hard-
ware structure.

The first challenge arises when the target algorithm involves compu-
tation processes, for which numerical errors must be contained by proper
scaling, such as in the implementation of the in FFT. This kind of task
can be particularly difficult for LLMs due to their limited mathematical
reasoning ability [74, 75]. To address this problem, we employ the chain-of-
thought (CoT) prompting technique [76], which significantly enhances the
mathematical performance of an LLM by showing it how a complex problem
can be decomposed and solved in a step-by-step manner. This technique en-
ables LLMs to break down the numerical calculation processes into smaller,
more manageable sub-problems, making it easier for them to generate ac-
curate solutions. Importantly, we employ a length-limit prompting strategy
to reduce the error rate of the task.

The second challenge occurs when the HDL project contains numerous
sub-modules to be executed with a complex timing sequence. For instance,
in an FFT algorithm, butterfly computations within the same stage can
be executed in parallel, while butterfly computations across different stages
must be executed sequentially. Scheduling the execution of these compu-
tation tasks is challenging because it requires a deep understanding of the
precedence relationships within the algorithm, which is beyond the capabil-
ities of existing LLMs. To overcome this challenge, we leverage the iterative
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structure of the target FFT module and develop a novel prompting technique
called iterative in-context learning (IICL). IICL automatically generates ex-
ample question-answer (QA) pairs within the ICL framework in an iterative
manner. With a series of QA pairs that progressively build upon each other,
IICL enables the LLM to learn the complex timing sequences and precedence
relationships required to schedule the execution of sub-modules effectively.

Through these technical advancements, we successfully generate the first
LLM-written complex FPGA signal-processing module (specifically, a 64-
point FFT). It is crucial to highlight that the CoT and IICL techniques are
not limited to the implementation of the FFT module alone: they can be
applied to a wide range of signal-processing modules. This versatility is due
to the fact that complex mathematical problems and iterative structures
are prevalent in wireless communication algorithms, making our techniques
highly relevant and valuable in the field.

4.2 Related Works

Recent research has shown a growing interest in harnessing the capabilities
of LLMs to assist researchers and engineers in hardware design. In [77], the
authors employed GitHub Copilot to scrutinize the incidence rates of six
types of Verilog bugs. Following this, [78] and [23] investigated the potential
for automated bug repairs with LLMs’ assistance. This trend is not limited
to academia, as industry players such as RapidSilicon are promoting their
upcoming LLM-assisted tool for hardware design, called RapidGPT [79].

Beyond assisting researchers and engineers, recent studies also show in-
terest in replacing human HDL programmers with LLMs. Initial efforts in
this direction were documented in [24], where a fine-tuned GPT-2 model was
trained with synthetically generated Verilog snippets. However, the limited
generalization ability to unfamiliar tasks was a notable shortcoming of [24].
Subsequent research [80] expanded on this concept by investigating various
strategies for fine-tuning Verilog-writing models. More recently, two stud-
ies delved into LLMs’ applications in chip design. The former, Chip-Chat
[26], employed the latest LLM to design an 8-bit shift register chip; while
the latter, ChipGPT [25], focused on the power-performance-area (PPA)
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optimization of an LLM-composed chip design.
In contrast to the aforementioned works, this thesis makes significant

contributions from two key aspects.
In comparison to the first category of works [77, 78, 23, 79], the first

contribution of this thesis involves using LLMs to assist FPGA develop-
ment and offers a comprehensive study of the role of LLMs in facilitating
the entire FPGA development process, beyond merely bug fixing. We inves-
tigate previously unexplored areas, including validation and maintenance
issues, and our research includes the first LLM study that further refines
a real-time communication system, OpenWiFi, that has already undergone
rigorous validation and practical demonstrations previously.

In comparison to the second category of works [24, 80, 26, 25], our sec-
ond contribution focuses on utilizing LLMs to write HDL code specifically
for wireless communication hardware, involving significantly more complex
signal-processing algorithms than those addressed in prior research. Ear-
lier LLM-written HDL codes, as presented in [24] and [80], were confined
to simple signal processing no harder than undergraduate-level assignments,
as acknowledged by the authors in their subsequent work [26]. Although
[26] and [25] advanced the complexity by tackling an 8-bit shift register
and a multi-functional calculator, these tasks still fall short in complexity
compared to communication algorithms such as FFT. As a result of tack-
ling more demanding coding tasks, we encountered two challenges that had
not been previously reported in prior works (see Chapter 4.3.2). Address-
ing these challenges necessitates the use of advanced methods, namely in-
context learning (ICL) and chain-of-thought (CoT) prompting, which have
never been considered in prior works [24, 80, 26, 25].

4.3 Existing Challenges

This chapter investigates the challenges LLMs may encounter when realizing
complex signal-processing algorithms in wireless research, using the FFT
algorithm as a case study. We consider the user requirement in Fig. 4.1
and present a typical Verilog realization that GPT-4 may generate in Fig.
4.2. Although the code looks structurally correct, it is not usable for two
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reasons: 1) it fails to generate precise expressions of the twiddle factors, and
2) it overlooks the scheduling of complex subtask executions.

This chapter analyzes the two problems in detail and tests the perfor-
mance of different LLMs when facing these two problems to validate the
commonality of the studied issue.

Step 2: generate a four-point FFT with the provided two-point FFT

I am writing a four-point DIF-FFT on FPGA. You can use the following IP cores 
to build the target IP core:

1. The template of the butterfly computation IP Core is: <Instantiation Template>
2. The template of the complex multiplication IP Core is: <Instantiation Template>
3. The template of a two-point FFT IP Core module is: <Instantiation Template>
   (Author’s Remark: We provide the LLM with a simple hand-written two-point FFT as a starting point)

Apart from these available IP cores, I can also give you some suggestions on 
how to connect these IP cores: <Implementation Suggestions>

Finally, let me tell you the expressions of twiddle factors you may use.
< 32-bit representations of the twiddle factor involved>

Note: the higher/lower 16 bits are the imaginary/real part of the complex number.

Now, please give me the required four-point FFT Verilog implementation. Here     
*is the required template of the IP core: <Required Instantiation Template>

I am working on an FPGA project in Verilog. Please write two IP cores for me. 

The first IP core is for butterfly computation in FFT. Here is a template of the IP 
core: <Required Instantiation Template>.

The second IP core is for complex multiplication in FFT. Here is a template of 
the IP core: <Required Instantiation Template>.

Step 1: prepare frequently used IP cores in realizing FFT

I am writing an eight-point DIF-FFT on FPGA. You can use the following IP 
cores to build the target IP core:

1. The template of the butterfly computation IP Core is: <Instantiation Template>
2. The template of the complex multiplication IP Core is: <Instantiation Template>
3. The template of a four-point FFT IP Core module is: <Instantiation Template>
   (Author’s Remark: the four-point FFT is obtained in the previous step, i.e., Step2)

Apart from these available IP cores, I can also give you some suggestions on 
how to connect these IP cores: <Implementation Suggestions>

Finally, let me tell you the expressions of twiddle factors you may use.
< 32-bit representations of the twiddle factor involved>

Note: the higher/lower 16 bits are the imaginary/real part of the complex number.

Now, please give me the required four-point FFT Verilog implementation. Here     
*is the required template of the IP core: <Required Instantiation Template>

Step 3: generate an eight-point FFT with 
the four-point FFT obtained in the previous step

<Use similar prompt as in previous steps>
……

<Obtain the desired module eventually>

Step 𝒍𝒍𝒍𝒍𝒍𝒍𝟐𝟐𝑵𝑵: generate an N-point FFT with 
the N/2-point FFT obtained in the previous step

……

Help me write an eight-point FFT module for my FPGA system in Verilog 
language. Here are details of my specifications: <Function Descriptions>

I also provide you with the following template for your reference: <Required 
Instantiation  Template>

Initial prompt for generating the FFT module 

Figure 4.1: A failed prompt for generating the FFT module.

4.3.1 Challenge One: Multi-step Reasoning

A twiddle factor W k
N in FFT has a real/imaginary part no larger than one.

For hardware processing, we need transform the real/imaginary of W k
N to

the corresponding binary for the digital circuitry to handle. Let us first
take a look at how a human engineer might transform W k

N into a 32-bit
binary sequence (with a 16-bit imaginary part and a 16-bit real part) in a
step-by-step manner, using W 1

8 as an example.

1. Step 1: express W 1
8 = e−j(π/4 ) = 0.7071− 0.7071i.

2. Step 2: multiply the real/imaginary part of W 1
8 by a scaling factor,

constrained by the maximum value that can be represented by the
number of bits allocated (in this case, 16 bits). We amplify Re

(
W 1

8

)
and Im

(
W 1

8

)
by 215−1 so that Re

(
W 1

8

)
= 23169.5457 and Im

(
W 1

8

)
=

−23169.5457.1

3. Step 3: round Re
(
W 1

8

)
and Im

(
W 1

8

)
, so that Re

(
W 1

8

)
≈ 23170 and

Im
(
W 1

8

)
≈ −23170.

4. Step 4: convert Re
(
W 1

8

)
and Im

(
W 1

8

)
to hexadecimal representations,

i.e., “0x5A82”and “0xA57E”, respectively.
1At the butterfly computation’s output, we must shrink the multiplication output by

the same scaling factor to maintain accuracy.
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5. Step 5: concatenate the binary representations, using the higher/lower
16 bit as the imaginary/real part, respectively.

To quantitatively evaluate the difficulty of the above multi-step task for
different LLMs, we tested the performance of the latest LLMs (including
GPT-4, Claude-3, and Llama-2-70B) in the twiddle factor generation task.
Fig. 4.3 presents the error rates of these models when generating twiddle
factors for a 4/8/16-point FFT. The prompt we used in the experiment
directly provides the tested LLM with information about the size of the
desired FFT module and the length of the real/imaginary part.

According to our observation, typical errors made by these tested LLMs
include 1) failure to transform W k

N from the the exponential form to the ”real
plus imaginary” form, 2) inability to correctly multiply W k

N in Step 22, and
3) inability to correctly convert Re

(
W k

N

)
and Im

(
W k

N

)
to the corresponding

hexadecimal representations. The experimental result shows that the precise
generation of twiddle factors is a challenge even for these state-of-the-art
models.

In Chapter 4.4, we show how we solve the multi-step reasoning prob-
lem and significantly enhance GPT-4’s performance in the twiddle factor
generation task via CoT prompting. It is important to note that the CoT
scheme can also be applied to other FPGA-based SDR development tasks
that require complex multi-step reasoning, such as the parameter design for
an IIR filter.

4.3.2 Challenge Two: Subtask Execution Scheduling

Many computational tasks can be divided into multiple simpler subtasks
with parallel and precedence relationships. Fig. 4.4 presents the flow graph
of an eight-point FFT to elucidate such relationships. The whole FFT com-
putation can be decomposed into multiple butterfly computations. Butterfly

2We do not treat the twiddle factor generation as a failure if the scaling process in Step
2 is correct but non-optimal. The optimal scaling factor in Step 2 should be 2n−1 − 1

for an n-bit binary representation. A tested LLM may choose smaller scaling factors such
as 2n−2 − 1 or 2n−3 − 1. We treat this as acceptable because the twiddle factor can still
produce the correct result, although it is suboptimal in terms of accurate.
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module fft_GPT_generate_8_point (
   input wire clk,
   input wire resetn,
   input wire enable,
   input wire [31:0] FFI_input_1,......,FFI_input_8,
   input wire input_valid,
   output wire [31:0] FFT_output_1,......,FFT_output_8,
   output wire output_valid
);
 // Please fill in the Twiddle Factor
   localparam Twiddle_Factor_8_0=0x7FFF0000
   localparam Twiddle_Factor_8_1=0x5A82799A
   localparam Twiddle_Factor_8_2=0x00007FFF
   localparam Twiddle_Factor_8_3=0xA57E7A65

 // Realize a butterfly computation submodule
   module butterfly (input wire [31:0] X1, input wire [31:0] X2,

 output wire [31:0] Y1, output wire [31:0] Y2);
     ......//Function Description of the butterfly computation 
   endmodule
 // Realize a complex multiplication submodule
   module comp_multi (input wire [31:0] X1, input wire [31:0] X2,

output wire [31:0] Y);
......// Function Description of the complex multiplication 

   endmodule
 //Internal signals

wire [31:0] o11,o12,o13,o14,o15,o16,o17,o18;
   wire [31:0] o15_shift,o16_shift,o17_shift,o18_shift;

wire [31:0] o21,o22,o23,o24,o25,o26,o27,o28;
   wire [31:0] o23_shift,o24_shift,o27_shift,o28_shift;
 // Connections of submodules
   // Stage 1: butterfly
   butterfly butterfly_1(.X1(FFI_input_1), .X2(FFI_input_5), .Y1(o11), .Y2(o15));
   butterfly butterfly_2(.X1(FFI_input_2), .X2(FFI_input_6), .Y1(o12), .Y2(o16));
   butterfly butterfly_3(.X1(FFI_input_3), .X2(FFI_input_7), .Y1(o13), .Y2(o17));
   butterfly butterfly_4(.X1(FFI_input_4), .X2(FFI_input_8), .Y1(o14), .Y2(o18));
   // Stage 1: complex multiplication
   comp_multi comp_multi_1(.X1(o15), .X2(Twiddle_Factor_8_0), .Y(o15_shift));
   comp_multi comp_multi_2(.X1(o16), .X2(Twiddle_Factor_8_1), .Y(o16_shift));
   comp_multi comp_multi_3(.X1(o17), .X2(Twiddle_Factor_8_2), .Y(o17_shift));
   comp_multi comp_multi_4(.X1(o18), .X2(Twiddle_Factor_8_3), .Y(o18_shift));
   // Stage 2: butterfly

butterfly butterfly_5(.X1(o11), .X2(o13), .Y1(o21), .Y2(o23));
butterfly butterfly_6(.X1(o12), .X2(o14), .Y1(o22), .Y2(o24));

   butterfly butterfly_7(.X1(o15_shift), .X2(o17_shift), .Y1(o25), .Y2(o27));
   butterfly butterfly_8(.X1(o16_shift), .X2(o18_shift), .Y1(o26), .Y2(o28));
   //Stage 2: complex multiplication
   comp_multi comp_multi_5(.X1(o23), .X2(Twiddle_Factor_8_0), .Y(o23_shift));
   comp_multi comp_multi_6(.X1(o24), .X2(Twiddle_Factor_8_2), .Y(o24_shift));
   comp_multi comp_multi_7(.X1(o27), .X2(Twiddle_Factor_8_0), .Y(o27_shift));
   comp_multi comp_multi_8(.X1(o28), .X2(Twiddle_Factor_8_2), .Y(o28_shift));
   // Stage 3: butterfly
   butterfly butterfly_9(.X1(o21), .X2(o22),

.Y1(FFT_output_1), .Y2(FFT_output_2));
   butterfly butterfly_10(.X1(o23_shift), .X2(o24_shift),

.Y1(FFT_output_3), .Y2(FFT_output_4));
   butterfly butterfly_11(.X1(o25), .X2(o26),

.Y1(FFT_output_5), .Y2(FFT_output_6));
   butterfly butterfly_12(.X1(o27_shift), .X2(o28_shift),

.Y1(FFT_output_7), .Y2(FFT_output_8));
 endmodule    

Figure 4.2: A typical GPT4-written Verilog implementation for eight-point
FFT.
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Figure 4.3: Error rates of different LLMs in twiddle factor generations.

computations from the same FFT stage can be executed concurrently to re-
duce latency, while those from successive stages can be parallelized only if
the underlying precedence relationships are not violated.

The precedence relationships among butterfly computations necessitate
careful subtask scheduling. The scheduling problem within FFT has been
extensively studied in the past decades [81]. The most straightforward ap-
proach for precise subtask execution involves enabling signals and “output
valid” signals (which become valid only when the associated subtask is com-
pleted and the output is meaningful). If the execution of subtask A depends
on the completion of subtask B, we connect the “output valid” signal of B
to the enable signal of A for execution management. Upon the completion
of B, its output valid signal becomes positive, subsequently triggering the
execution of A. The LLM-generated code in Fig. 4.2 shows no awareness
of the need for task execution control: neither the basic method of using
input enable/output valid signals nor more advanced methods like state
machine-based control are presented. Our simulations on the GPT-written
code in Fig. 4.2 found premature execution of subsequent subtasks before
their predecessors, which causes erroneous outputs at the final stage.

To quantitatively evaluate the difficulty of subtask management for dif-
ferent LLMs, we tested the performance of three representative LLMs in
scheduling the subtask execution within FFT modules of different sizes.



CHAPTER 4. LLM FOR FPGA-BASED SDR 97

𝑥𝑥[0]

𝑥𝑥[1]

𝑥𝑥[2]

𝑥𝑥[3]

𝑥𝑥[4]

𝑥𝑥[5]

𝑥𝑥[6]

𝑥𝑥[7]
𝑊𝑊8

3

𝑊𝑊8
0

𝑊𝑊8
1

𝑊𝑊8
2

𝑊𝑊8
0

𝑊𝑊8
2

𝑊𝑊8
0

𝑊𝑊8
2

𝑦𝑦[0]

𝑦𝑦[1]

y[2]

𝑦𝑦[6]

𝑦𝑦[1]

𝑦𝑦[5]

𝑦𝑦[3]

𝑦𝑦[7]

𝑥𝑥[0]

𝑥𝑥[1]

𝑥𝑥[2]

𝑥𝑥[3]

𝑥𝑥[4]

𝑥𝑥[5]

𝑥𝑥[6]

𝑥𝑥[7]

𝑊𝑊8
0

X
𝑊𝑊8

1

X
𝑊𝑊8

2

X
𝑊𝑊8

3

X
Stage A Stage B

4-point FFT

4-point FFT

𝑦𝑦[0]

𝑦𝑦[1]

y[2]

𝑦𝑦[6]

𝑦𝑦[1]

𝑦𝑦[5]

𝑦𝑦[3]

𝑦𝑦[7]

Figure 4.4: Precedence graphs of an eight-point FFT. The output of the
green and the blue butterfly computations (in the first FFT stage) serve
as the input for the red butterfly computation (in the second FFT stage).
We cannot execute the red task until the blue and green tasks have been
completed, indicating a precedence relationship between the red task and the
blue/green task. We refer readers to Chapter 2.2.3 for detailed explanation
of the parallel/precedence relationship.
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Fig. 4.5 presents the error probabilities of scheduling butterfly computa-
tions within FFT modules of different sizes. The figure shows that the
challenge of subtask scheduling commonly exists in these models.
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Figure 4.5: Error rates of different LLMs in scheduling butterfly computa-
tions within the FFT tasks.

Chapter 4.5 shows how we solve the scheduling problem and develop
functionally correct FFT modules of different sizes with our novel IICL
scheme. It is important to note that our scheme can also be applied to
realize other iterative algorithms widely used in communication networks,
such as the Gauss-Jordan Elimination [82] and the Newton method [83]
commonly used in wireless signal processing.

4.4 Chain-of-Thought for Multi-Step Reasoning

Multi-step reasoning presents a significant challenge for language models.
Recent studies have shown that guiding an LLM through a human’s chain
of thought by breaking down a complex problem into a series of interme-
diate reasoning steps can improve the model’s performance in multi-step
reasoning tasks [84]. This finding has inspired recent research interest in
CoT prompting. Fig. 4.6 illustrates an example of the CoT scheme.

As described in Chapter 4.4, our twiddle factor generation task can be
decomposed into five intermediate steps. Following the CoT framework, we
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Baseline Prompting CoT Prompting

Model Output

Model InputModel Input

Example Question: Alice had 5 pens. She bought 4 new 
pens, and her mother just gave she another 3 new ones. 
How many pens does Alice have now?

Example Answer: The answer is 12.

Question: Bob had 3 erasers, he bought 2 more last 
week, and he lost 1 eraser this week. How many erasers 
does Bob have now?

Answer: The answer is 6

Example Question: Alice had 5 pens. She bought 4 new 
pens, and her mother just gave she another 3 new ones. 
How many pens does Alice have now?

Example Answer: Alice started with 5, she first got 4 
pens, and then she got another 3. There was no lost, so 
the answer is 5+4+3=12. 

Question: Bob had 3 erasers, he bought 2 more last 
week, and he lost 1 eraser this week. How many erasers 
does Bob have now?

Model Output

Answer: Bob started with 3, he got another 2 erasers, 
and there was 1 lost, so the answer is 3+2 -1=4. 

Baseline Prompting Chain-of-Thought Prompting

Model Output

Model InputModel Input

Example Question: Alice had 5 pens. She 
bought 4 new pens, and her mother just gave 
she another 3 new ones. How many pens 
does Alice have now?

Example Answer: The answer is 12.

Question: Bob had 3 erasers, he bought 2 
more last week, and he lost 1 eraser this week. 
How many erasers does Bob have now?

Answer: The answer is 6

Example Question: Alice had 5 pens. She 
bought 4 new pens, and her mother just gave 
she another 3 new ones. How many pens 
does Alice have now?

Example Answer: Alice started with 5, she 
first got 4 pens, and then she got another 3. 
There was no lost, so the answer is 
5+4+3=12. 

Question: Bob had 3 erasers, he bought 2 
more last week, and he lost 1 eraser this week. 
How many erasers does Bob have now?

Model Output

Answer: Bob started with 3, he got another 2 
erasers, and there was 1 lost, so the answer is 
3+2 -1=4. 

Figure 4.6: A example to show how CoT enhance LLMs’ performance in
multi-step mathematical reasoning.

I am developing a 16-point FFT IP core on FPGA. In my design, the output of some butterfly computation need to do twiddling operation. In essence, the twiddling process 
involves a complex multiplication. There should be two inputs for the complex multiplication. The first input is the output of the butterfly computation, which is a 32-
bit signal, with a 16-bit imag part and a 16-bit real part. The second input is the corresponding twiddle factor, which should also be a 32-bit signal. I want you to 
help me to calculate the twiddle factors for my 16-point FFT IP core.

For your reference, I can show you how I calculate the twiddle factors for an 8-point FFT. You should learn from the following steps.

Step 1: Since we are talking about an 8-point FFT, there should be 4 twiddle factors. Let us call them Twiddle_Factor_W_8_0, Twiddle_Factor_W_8_1, 
Twiddle_Factor_W_8_2, and Twiddle_Factor_W_8_3, respectively.

Step 2: In the twiddling operation, you should multiply four butterfly’s output by exp(-j*2*pi*0/N), exp(-j*2*pi*1/N), exp(-j*2*pi*2/N), and exp(-j*2*pi*3/N), where N 
is 8 for the 8-point FFT. So, the specific value of the above four numbers should be:
a) number 1 = exp(-j*2*pi*0/N) = exp(-j*0*pi/8) = 1+0*i.
b) number 2 = exp(-j*2*pi*1/N) = exp(-j*2*pi/8) = 0.7071 - 0.7071*i.
c) number 3 = exp(-j*2*pi*2/N) = exp(-j*4*pi/8) = 0-1*i.
d) number 4 = exp(-j*2*pi*3/N) = exp(-j6*pi/8) = -0.7071 - 0.7071*i.

Step 3: For the convenience of hardware signal processing, we need to scale number 1/2/3/4 by 2ˆ15-1, which is 32767. So, now, we have
a) number 1’ = (1+0*i)* 32767 = 32767 + 0i.
b) number 2’ = (0.7071 - 0.7071*i)* 32767 = 23169.5457 - 23169.5457*i.
c) number 3’ = (0-1*i)* 32767= 0 - 32767*i.
d) number 4’ = (-0.7071 - 0.7071*i)* 32767 = -23169.5457 - 23169.5457*i.

Step 4: In hardware processing, we deal with integer. So, now, we have
a) number 1’’ = round(number 1’) = 32767 + 0i.
b) number 2’’ = round(number 2’) = 23170 - 23170*i.
c) number 3’’ = round(number 3’) = 0 - 32767*i.
d) number 4’’ = round(number 4’) = -23170 - 23170*i.

Step 5: we express the number 1’’/2’’/3’’/4’’ in the form of 32-bit complex number (with 16-bit imag part and 16-bit real-part):
a) imag(Twiddle_Factor_W_8_0)=signed_dec_to_signed_bin( imag(number 1’’) )=16b’ 0000000000000000;

real(Twiddle_Factor_W_8_0)=signed_dec_to_signed_bin( real(number 1’’) )=16b’ 0111111111111111.
Therefore, Twiddle_Factor_W_8_0={16’b0000000000000000,16’b0111111111111111};

b) imag(Twiddle_Factor_W_8_1)=signed_dec_to_signed_bin( imag(number 2’’) )=16b’ 1010010101111110;
real(Twiddle_Factor_W_8_1)=signed_dec_to_signed_bin( real(number 2’’) )=16b’ 0101101010000010.

Therefore, Twiddle_Factor_W_8_1={16’b1010010101111110,16’b0101101010000010};

c) imag(Twiddle_Factor_W_8_2)=signed_dec_to_signed_bin( imag(number 3’’) )=16b’ 1000000000000001;
real(Twiddle_Factor_W_8_2)=signed_dec_to_signed_bin( real(number 3’’) )=16b’ 0000000000000000.

Therefore, Twiddle_Factor_W_8_2={16’b0000000000000000,16’b1000000000000001};

d) imag(Twiddle_Factor_W_8_3)=signed_dec_to_signed_bin( imag(number 4’’) )=16b’ 1010010101111110;
real(Twiddle_Factor_W_8_3)=signed_dec_to_signed_bin( real(number 4’’) )=16b’ 1010010101111110.

Therefore,Twiddle_Factor_W_8_3={16’b1010010101111110,16’b1010010101111110};

Finally, my question is: Please generate the twiddle factors for my 16-point FFT module? There should be 8 values. You need to give me the whole generation process and 
list the final expressions of the 8 twiddle factors.

Figure 4.7: The CoT prompt we used to generate the 32-bit sequences for
twiddle factors in a 16-point FFT.
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Figure 4.8: GPT-4 model’s performance with the CoT prompting scheme.

developed a five-step task description for an eight-point FFT example. Us-
ing the chain of thought described in Fig. 4.7, we then instructed GPT-4 to
generate twiddle factors for FFTs of various sizes (specifically, by changing
the required FFT size in Fig. 6 to 4, 8, ..., 258). The solid line in Fig. 4.8
demonstrates that our CoT prompt significantly reduces GPT-4’s error fre-
quency in the twiddle factor generation process compared to its performance
with the non-CoT prompt (represented by the blue bar in Fig. 4.5).

Moreover, we can observe from the curve that the task’s error rate be-
comes higher with the increase of FFT size. This phenomenon can be ex-
plained with the attention-based mechanism of LLMs [85]. Specifically,
when predicting the ith token of the answer, the transformer network takes
all existing context, including the original prompt input and the i − 1 to-
ken(s) already generated, as the model’s input, which means the generated
output also affects the model’s attention weight [86, 87, 88]. Consequently,
errors or inaccuracies in earlier processing can propagate and affect the cor-
rect chain of thought for subsequent tasks. As the FFT size increases, the
LLM needs to generate more twiddle factors. If the earlier generation pro-
cess introduces misleading interpretations of the chain of thought, even if
the bias does not immediately cause erroneous twiddle factors, it increases
the probability of making mistakes in later task executions.
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We apply a length-limit strategy to adapt the original CoT prompt tun-
ing scheme. Specifically, for an N -point FFT module, N/2 twiddle factors
are required in the FFT computation. If N/2 is larger than a specific thresh-
old, we divide the twiddle factor generation task into m groups, with each
group containing N/2m twiddle factors. Unlike a simplistic scheme that
asks the LLM to generate all twiddle factors within one interaction, our
length-limit CoT generates a limited number of twiddle factors at one time
and re-informs the LLM of the five-step twiddle factor generation process at
the beginning of each interaction. This scheme mitigates the long propaga-
tion of understanding bias given the shorter output texts and the repeated
emphasis on the human’s chain of thought. The dashed line in Fig. 4.8
illustrates the performance of the revised scheme (we set N/2m = 8 for
N/2 ≥ 16, i.e., we only consider eight twiddle factors for FFTs larger than
32 points), from which we observe that our scheme significantly reduces the
error rate at the cost of more interactions.

4.5 Iterative In-context Learning for Task Sched-
ule

Before presenting our IICL prompting scheme , let us first give a quick
introduction to the conventional ICL method. The concept of ICL was pop-
ularized in [89], in which the authors introduced few-shot learning with the
GPT-3 model using only a handful of examples. ICL differs from traditional
machine learning scheme in that it does not require parameter optimization
within the model [90]. In ICL, we give an LLM a prompt containing several
question-answer (QA) pairs as examples to demonstrate how to complete a
task. Following these pairs, a new question is appended to the prompt. The
aim is for the LLM to analyze the previously given examples, extrapolate
the underlying task, and provide an answer to this new question based on
that learning context.

We illustrate ICL with the example in Fig. 4.9, in which a news classi-
fication task is described in the prompt. For the model’s input, we provide
several news titles and the corresponding topic classifications to create a
series of QA pairs. We then present the LLM with a news title for which it
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must generate the topic classification. To correctly answer this question, the
model must analyze the provided examples to understand the task. It learns
the structure of the input (news titles), the range of possible outputs (pos-
sible news topics), the mapping from input to output (topic classification),
and the formatting of the output (a single word with the first letter capital-
ized). With this understanding, the LLM generates the correct answer, i.e.,
“Technology”.

Example Question 

Here is a piece of news, 
please tell me its classification: 
CPI in HK averaged 65.72 
points from 1980 until 2023.

Example Answer 

Finance.

Example Question 

Here is a piece of news, 
please tell me its classification: 
Jonas Vingegaard won le 
tour de France in 2022.

Example Answer 

Sport.

Example Question 

Here is a piece of news, 
please tell me its classification: 
Apple developed a new 
technology: Apple Vision Pro.

Example Answer 

Technology.

Example Question 

Here is a piece of news, 
please tell me its classification: 
Biden announces bid for 
second term as US president.

Example Answer 

Politics.

Knowledge that the LLM learned through the context  
Input: The title of a piece of news.
Output: Possible topics
Output Format: single word with the first letter capitalized

Unaddressed Tested Question (new)

Here is a piece of news, please tell me its classification: 
Qualcomm Announces Multi-Year Collaboration with Sony 
to Deliver Next Generation Smartphones.

Expected Output  Answer 

Technology.

…

…

Example Question 

Here is a piece of news, 
please tell me its classification: 
CPI in HK averaged 65.72 
points from 1980 until 2023.

Example Answer 

Finance.

Example Question 

Here is a piece of news, 
please tell me its classification: 
Apple developed a new 
technology: Apple Vision Pro.

Example Answer 

Technology.

Example Question 

Here is a piece of news, 
please tell me its classification: 
Biden announces bid for 
second term as US president.

Example Answer 

Politics.

Knowledge that the LLM learned through the context  
Input: The title of a piece of news.
Output: Possible topics
Output Format: single word with the first letter capitalized

Unaddressed Tested Question (new)

Here is a piece of news, please tell me its classification: 
Qualcomm Announces Multi-Year Collaboration with Sony 
to Deliver Next Generation Smartphones.

Expected Output  Answer 

Technology.

Figure 4.9: Illustrations of conventional ICL prompting scheme.

We now return to the FFT flow graph in Fig. 4.4 to explicitly bring
out the fundamentals of the iterative FFT algorithm. An N -point FFT has
log2N stages, where the log2N − 1 stages subsequent to stage 1 are essen-
tially two parallel N/2-point FFTs. Therefore, as shown in Fig. 4.10, the
flow graph can be simplified into two stages: Stage A and Stage B. The
precedence/parallel relationships in the iterative flow graph are as follows:
in stage A, the N/2 butterfly computations (including the complex multipli-
cation of a twiddle factor for each butterfly computation) can be executed
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in parallel. The completion of Stage A then triggers the parallel execution
of the two N/2-point FFTs in Stage B.
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Figure 4.10: The iterative flow graph of an example eight-point FFT.

We now describe how we leveraged the iterative structure of FFT for
IICL. With reference to step one of Fig. 4.12, we asked the LLM to prepare
two simple yet frequently used IP cores for the following FFT design: but-
terfly computation and complex multiplication. We then induce the LLM to
produce successively larger FFTs from previously generated smaller FFTs in
an iterative manner. First, in the second step of Fig. 4.12, we showed GPT-
4 a simple two-point FFT example with the corresponding implementation
template, and then we asked the LLM to produce a four-point FFT IP core
with a required template. To help the LLM better complete the task, we
also gave it suggestions that highlight the precedence/parallel relationship
delineated in Fig. 4.10 by demonstrating how to connect the “enable” and
“output valid” signals of different subtasks (see Fig.4.11 for the suggestion
we give to the LLM, which includes an example to illustrate the connection
of “enable” and “output valid” signals). Thanks to the simplicity of the
four-point FFT and our hints, GPT-4 succeeded in completing the task at
the end of the second step. The resulting code, together with the prompt
used in step two, was then used in the third step as a ICL example, which
reinforced the LLM’s knowledge in FFT design by 1) outlining how to con-
nect inputs and outputs of subtasks according to the iterative flow graph,
and 2) showing how to control the execution of subtasks with “enable” and
“output valid” signals.
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1 module butterfly_computation (
2 input wire clk,
3 input wire resetn,
4 input wire enable,
5 input wire [31:0] in1,
6 input wire [31:0] in2,
7 output reg done,
8 output wire [31:0] out1,
9 output wire [31:0] out2

10 );
11 // Separate the real and imag parts
12 wire [15:0] in1_real = in1[15:0];
13 wire [15:0] in1_imag = in1[31:16];
14 wire [15:0] in2_real = in2[15:0];
15 wire [15:0] in2_imag = in2[31:16];
16 // Assign the output
17 reg [15:0] temp1_real, temp1_imag;
18 reg [15:0] temp2_real, temp2_imag;
19 assign out1 = {temp1_imag, temp1_real};
20 assign out2 = {temp2_imag, temp2_real};
21 // Alwyas block for assignment
22 always @(posedge clk or negedge resetn) begin
23 if (˜resetn) begin
24 done <= 1’b0;
25 temp1_real <= 16’d0; temp1_imag <= 16’d0;
26 temp2_real <= 16’d0; temp2_imag <= 16’d0;
27 end
28 else if (enable) begin
29 temp_real1 <= in1_real + in2_real;
30 temp_imag1 <= in1_imag + in2_imag;
31 temp_real2 <= in1_real - in2_real;
32 temp_imag2 <= in1_imag - in2_imag;
33 done <= 1’b1;
34 end
35 else
36 done <= 1’b0;
37 end
38 endmodule

Figure A13: The Verilog code generated by GPT upon the prompt. Imple-
mentation details of the butterfly computation module is presented.

1 module complex_multiply (
2 input wire clk,
3 input wire resetn,
4 input wire enable,
5 input wire [31:0] in1,
6 input wire [31:0] in2,
7 output reg done,
8 output wire [31:0] out
9 );

10 // Separate the real and imag parts
11 wire [15:0] in1_real = in1[15:0];
12 wire [15:0] in1_imag = in1[31:16];
13 wire [15:0] in2_real = in2[15:0];
14 wire [15:0] in2_imag = in2[31:16];
15 // Registers for storing intermediate products
16 reg [31:0] real_product;
17 reg [31:0] imag_product;
18 reg [31:0] x1, x2, x3, x4;
19 assign x1 = in1_real * in2_real;
20 assign x2 = in1_imag * in2_imag;
21 assign x3 = in1_real * in2_imag;
22 assign x4 = in1_imag * in2_real;
23 assign out[15:0] = real_product;
24 assign out[31:16] = imag_product;
25 // Always block to assign intermediate products
26 always @(posedge clk or negedge resetn) begin
27 if (˜resetn) begin
28 done <= 1’b0;
29 real_product <= 32’d0;
30 imag_product <= 32’d0;
31 end
32 else if (enable) begin
33 // Shrink real_product and imag_product by 2ˆ15
34 real_product <= (x1 - x2) >>> 15;
35 imag_product <= (x3 + x4) >>> 15;
36 done <= 1’b1;
37 end
38 else
39 done <= 1’b0;
40 end
41 endmodule

Figure A14: The Verilog code generated by GPT upon the prompt. Imple-
mentation details of the complex multiplication module are presented.

1 I am writing a four-point DIF-FFT on FPGA. You can use the following IP cores
2 to build the target four-point FT IP core.
3
4 Here is the template of butterfly computation IP Core,
5 butterfly_computation butterfly_inst(
6 .clk(),
7 .reset(),
8 .enable(),
9 .in1(), .in2(),

10 .done(),
11 .out1(), .out2()
12 );
13
14 And here is the template of the two-point FFT IP Core,
15 fft_2_point fft_2_point_inst(
16 .clk(),
17 .reset(),
18 .enable(),
19 .x1(), .x2(),
20 .done(),
21 .y1(), .y2()
22 );
23 And here is the template of complex multiplication IP Core,
24 complex_multiplication complex_multiplication_inst(
25 .clk(),
26 .reset(),
27 .enable(),
28 .in1(), .in2(),
29 .done(),
30 .out()
31 );
32
33 I also give you the template of the target four-point FFT IP Core,
34 fft_4_point fft_4_point_stage_2_1(
35 .clk(),
36 .reset(),
37 .enable(),
38 .x1(), .x2(), .x3(), .x4(),
39 .y1(), .y2(), .y3(), .y4(),
40 .done()
41 );
42
43 Further, I also have some suggestions for you.
44
45 First, you don’t need to calculate the expressions of twiddle factors.
46 I will fill in the value myself later.
47
48 Second, let me tell you the major spirit in developing the 4-point FFT.
49 In the first stage of FFT, you have two substages called Stage 1a and 1b.
50 In stage 1a, you use twobutterfly_computation modules; and then in stage 1b,
51 you use two twiddle models. In the second stage, you are facing a two
52 two-point FFT problem, so you just use two fft_2_point and solve the problem.

Figure A15: Question No.1: to generate a four-point FFT IP core with the
provided two-point FFT IP core.

processing algorithms in wireless communication. Specifically,
Task 2 asks volunteers to implement a simple second-order IIR
filter, while Task 3 requires implementing a more complex
convolution encoder with a 2/3 code rate. For undergraduate
volunteers, we assigned Task 1 and Task 2; for graduate
student volunteers, we assigned all three tasks. Fig. B1, B2,
and B3 present the detailed requirements of the three tasks.

B. Grading Standard

To comprehensively evaluate the quality of submitted Ver-
ilog code, we designed a scoring scheme to grade submissions
based on four key criteria:

• Reliability (30%): The code should pass testbench val-
idation and return correct results. It should also avoid
potential bugs like register overflow.

• Efficiency (30%): The code should minimize latency
during calculations. Optimization strategies like ping-
pong buffers are encouraged.

• Readability (20%): Well-commented and elegantly writ-
ten code with descriptive variable names enhances under-
standability and efficiency. This allows code reviewers to
easily grasp the logic.

• Maintainability (20%): The code should facilitate future
changes and development. Modular, reusable functions
are preferred.

Figure 4.11: Implementation suggestion given to the LLM, which is related
to the connection of “enable” and “output valid” signals. Here, we are telling
the LLM how to build a four-point FFT by properly connecting the two two-
point FFT modules provided.
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The next few steps shown in Fig. 4.12 describe how to induce the LLM
to extrapolate from the 4-point FFT to the 8-point FFT, and more generally,
the iterative process to generate an N -point FFT. For step n (3 ≤ n ≤ log2N),
we provided the LLM with available IP cores (i.e., butterfly computation,
complex multiplication, and the 2n−1-point FFT IP core generated in Step
n−1) and the implementation template of the desired 2n-point FFT IP core,
and we repeated the hints we previously used in the third step. As a result,
GPT-4 could always generate the 2n-point FFT desired in step n. The re-
sulting 2n-point IP core could further enhance the LLM’s understanding of
the task when it was used to form a new ICL example for the IICL process
in step n+1. We followed the above operation iteratively until we obtained
the desired N -point FFT design.

Following the above iterative ICL prompting scheme, we succeeded in
generating a 64-point FFT design for concept proving. Compared to those
non-IICL assisted attempts recorded in Chapter 4.3.2, the LLM-written Ver-
ilog code resulting from our IICL scheme demonstrates a significant improve-
ment: from Fig. 4.5, we see that no FFT modules larger than eight points
can be successfully generated even with those state-of-the-art LLMs. To
our best knowledge, this is the first LLM-written complex signal processing
model ever reported in wireless communication studies.

4.6 Summary

This chapter presents a pioneering exploration of utilizing LLMs to expe-
dite the development of complex signal-processing algorithms for FPGA-
empowered SDR systems, using the well-known FFT algorithm as an exam-
ple. We tackled two primary challenges encountered in the implementation
of FFT in the Verilog language: 1) complex mathematical calculations and
2) the efficient scheduling of sub-module executions. The CoT prompting
technique we used for the first problem significantly enhanced the LLM’s
capacity for multi-step mathematical reasoning, enabling it to handle the
intricate task of twiddle factor generation. Meanwhile, the IICL approach
we developed for the second problem effectively taught the model to schedule
the execution of sub-modules by conceptualizing the scheduling task itera-
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Step 2: generate a four-point FFT with the provided two-point FFT

I am writing a four-point DIF-FFT on FPGA. You can use the following IP cores 
to build the target IP core:

1. The template of the butterfly computation IP Core is: <Instantiation Template>
2. The template of the complex multiplication IP Core is: <Instantiation Template>
3. The template of a two-point FFT IP Core module is: <Instantiation Template>
   (Author’s Remark: We provide the LLM with a simple hand-written two-point FFT as a starting point)

Apart from these available IP cores, I can also give you some suggestions on 
how to connect these IP cores: <Implementation Suggestions>

Finally, let me tell you the expressions of twiddle factors you may use.
< 32-bit representations of the twiddle factor involved>

Note: the higher/lower 16 bits are the imaginary/real part of the complex number.

Now, please give me the required four-point FFT Verilog implementation. Here     
*is the required template of the IP core: <Required Instantiation Template>

I am working on an FPGA project in Verilog. Please write two IP cores for me. 

The first IP core is for butterfly computation in FFT. Here is a template of the IP 
core: <Required Instantiation Template>.

The second IP core is for complex multiplication in FFT. Here is a template of 
the IP core: <Required Instantiation Template>.

Step 1: prepare frequently used IP cores in realizing FFT

I am writing an eight-point DIF-FFT on FPGA. You can use the following IP 
cores to build the target IP core:

1. The template of the butterfly computation IP Core is: <Instantiation Template>
2. The template of the complex multiplication IP Core is: <Instantiation Template>
3. The template of a four-point FFT IP Core module is: <Instantiation Template>
   (Author’s Remark: the four-point FFT is obtained in the previous step, i.e., Step2)
4. The QA pair we obtained in the previous step(s).

Apart from these available IP cores, I can also give you some suggestions on 
how to connect these IP cores: <Implementation Suggestions>

Finally, let me tell you the expressions of twiddle factors you may use.
< 32-bit representations of the twiddle factor involved>

Note: the higher/lower 16 bits are the imaginary/real part of the complex number.

Now, please give me the required four-point FFT Verilog implementation. Here     
*is the required template of the IP core: <Required Instantiation Template>

Step 3: generate an eight-point FFT with 
the four-point FFT obtained in the previous step

<Use similar prompt as in previous steps>
<All previous success cases in generating smaller-scale FFT work as ICL QA pairs>

<Obtain the desired module eventually>

Step 𝒍𝒍𝒍𝒍𝒍𝒍𝟐𝟐𝑵𝑵: generate an N-point FFT with 
the N/2-point FFT obtained in the previous step

……

Help me write an eight-point FFT module for my FPGA system in Verilog 
language. Here are details of my specifications: <Function Descriptions>

I also provide you with the following template for your reference: <Required 
Instantiation  Template>

Initial prompt for generating the FFT module 

Figure 4.12: An illustration of IICL prompting in our FFT generation task.
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tively. The successful deployment of these techniques not only underscores
the advanced capabilities of current LLMs in handling complex algorith-
mic generation tasks on SDR platforms, but also illustrates a substantial
leap toward their practical applications in real-world engineering problems,
particularly in the telecommunications domain. Future studies could ex-
plore the scalability of our prompting scheme to other complex systems and
algorithms encountered in wireless communications.



Chapter 5

Conclusion

5.1 Conclusion Remarks

This thesis presents a comprehensive study on advanced multiple access
techniques for Ultra-Reliable Low-Latency Communication (URLLC), ad-
dressing both theoretical challenges and practical implementation issues in
next-generation wireless systems. The research is structured around three
primary contributions.

First, the thesis reduces the computational latency of a novel Interleaved
Frequency Division Multiple Access (IFDMA) transceiver design newly pro-
posed, referred to as the compact IFDMA transceiver. With a novel FFT
pruning methodology and a multi-priority scheduling (MPS) algorithm, the
work significantly reduces the latency and resource consumption in hard-
ware implementations. Extensive experiments demonstrate that the pro-
posed MPS-FFT framework achieves near-optimal scheduling, leading to
substantial improvements in both computation time and processor utiliza-
tion compared to conventional solutions.

Second, the thesis addresses reliability issues in Carrier Sense Multi-
ple Access (CSMA) based systems, particularly focusing on the largely-
overlooked problem of packet detection. By introducing the compensated
autocorrelation metric and establishing a rigorous analytical framework, the
work enables closed-form analysis and fair benchmarking of different detec-
tion algorithms. The proposed real-part-only S&C (RP-S&C) algorithm is

108



CHAPTER 5. CONCLUSION 109

shown to offer a better packet-detection performance, especially under prac-
tical oscillator conditions. This work also extends the RP-S&C algorithm
from the single-antenna scenario to the multi-antenna scenario.

Third, the thesis explores the application of large language models (LLMs)
for accelerating the development of FPGA-based URLLC systems. Two in-
novative prompting strategies, i.e., Chain-of-Thought (CoT) reasoning and
Iterative In-Context Learning (IICL), are proposed to enhance the ability of
LLMs in generating high-quality Verilog code for complex signal processing
modules. Case studies on FFT implementations validate the effectiveness
and potential of AI-assisted hardware design.

Overall, the findings of this thesis contribute valuable insights and practi-
cal tools for the design of high-performance, reliable URLLC systems, laying
a foundation for future research in both intelligent wireless networking and
AI-driven hardware automation.

5.2 Future Works

First, for the novel multiple access mechanisms proposed in this work, fu-
ture research can focus on deploying and validating these techniques in real
industrial production environments. Compared to cellular networks, which
often involve high deployment and operational costs, there is growing in-
terest in exploring cost-effective platforms, such as WiFi-based systems, for
achieving reliable and low-latency communication. These platforms lever-
age unlicensed spectrum, which not only reduces costs but also provides
flexibility in deployment, making them particularly attractive for industrial
applications. Instead of targeting the ultra-reliability and low-latency com-
munication (URLLC) defined in high-cost 5G networks, future research can
focus on fulfilling the latency and reliability requirement of a communica-
tion network with a relatively small cost, referred to as the very reliable and
low-latency communication (VRLLC). VRLLC represents a more practical
approach for systems built on low-cost platforms, where the stringent re-
quirements of URLLC are adjusted to balance reliability, latency, and cost.
Achieving VRLLC could lead to the development of scalable, efficient, and
adaptive industrial production systems based on improved multiple access
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techniques.
Second, for the application of LLMs in assisting SDR design, future re-

search could explore the development of next-generation intelligent agents
capable of autonomously generating, optimizing, and adapting communica-
tion algorithms for various hardware platforms. Beyond SDR, LLMs could
also be applied to other areas of wireless communication, such as adap-
tive protocol optimization, multimodal network management, and real-time
decision-making for complex, decentralized wireless systems. These ad-
vancements would further demonstrate the transformative potential of AI-
driven methodologies in accelerating the design and deployment of advanced
communication systems.

Together, these two research directions represent a pathway toward bridg-
ing the gap between theoretical innovation and practical deployment, driv-
ing the evolution of intelligent, reliable, and low-latency systems for next-
generation industrial and communication networks.



Appendix A

Isomorphism of FFT
Precedence Graphs

In graph theory, isomorphism is an equivalence relation between graphs.
The isomorphism of directed graphs G1 (V1, E1) and G2 (V2, E2) is defined
as a bijection h : V1 → V2 between the vertex sets V1 and V2 , and a bijection
g : E1 → E2 between the edge sets E1 and E2 such that there is a directed
edge e1 ∈ E1 from v1 ∈ V1 to v2 ∈ V1 if and only if there is a directed edge
g(e1) ∈ E2 from h(v1) ∈ V2 to h(v2) ∈ V2. As a particular class of directed
graphs with precedence relationships, the FFT precedence graphs also have
isomorphism relationships.

Recall from Chapter 2 that we denote a bin allocation by an ordered
list {S0, S1, ...SR−1}, where Sr is the set of bins allocated to stream r(r =

0, 1, ..., R − 1). We can further simplify the notation of bin allocation to
(s0, s1, ...sR−1), where sr is the number of bins stream r has. For example,
S0 = {0, 1, 2, 3} means that we allocate bin #0 to bin #3 to IFDMA stream
0, and s0 = 4 indicates that we allocate the first four bins (which is also bin
#0 to bin #3) to stream 0.

As discussed in Chapter 2, we assume that the bins are fully allo-

cated, i.e.,
R−1∑
r=0

sr = 2n. We also assume that the number of bins for

each IFDMA stream is power-of-two. Accordingly, a bin allocation can
be represented by the leaf nodes of a power-of-two splitting tree (abbrevi-
ated as splitting tree henceforth). For example, Fig. A.1 presents the FFT
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Figure A.1: FFT precedence graphs and corresponding splitting trees for
bin allocation (2, 2, 1, 1, 1, 1), (1, 1, 1, 1, 2, 2), (2, 1, 1, 2, 1, 1), (2, 1, 1, 1, 1, 2),
(1, 1, 2, 1, 1, 2), and (1, 1, 2, 2, 1, 1).

precedence graphs and their corresponding splitting trees for bin allocations
(2, 2, 1, 1, 1, 1), (1, 1, 1, 1, 2, 2), (2, 1, 1, 2, 1, 1), (2, 1, 1, 1, 1, 2), (1, 1, 2, 1, 1, 2),
and (1, 1, 2, 1, 1, 2). Note that the node labeled “8” in the splitting tree cor-
responds to the four vertexes at the first stage of the precedence graph; the
two nodes labeled “4” correspond to the upper two vertexes and the lower
two vertexes of the second stage of the precedence graph, and so on. The leaf
nodes do not correspond to any vertexes in the precedence graph, but they
are the outputs of the childless vertexes in the precedence graphs (e.g., in
Fig. A.1(a), the two leaf nodes labeled with “2” are the outputs of vertexes
v1,0 and v1,1). Thus, the number of stages in the splitting tree is one more
than the number of stages in the precedence graph.

We could identify the isomorphism of two FFT precedence graphs by
analyzing their splitting trees. If one splitting tree can be transformed to
the other splitting tree by switching the positions of the two subtrees below
a node, then the two FFT precedence graphs are isomorphic. Switching the
positions of the two subtrees in the splitting tree as above corresponds to
relabeling of a subset of vertexes of the precedence graph such that isomor-
phism applies. In Fig. A.1(a), for example, by switching the positions of
the two subtrees below the root node “8”, we get the splitting tree in Fig.
A.1(b). The precedence graph of Fig. A.1(a) becomes the precedence graph
of Fig. A.1(b) with the following vertex relabeling: v1,0 → v1,2, v1,1 → v1,3,
v1,2 → v1,0, v1,3 → v1,1, v2,2 → v2,0, v2,3 → v2,1.

Note that isomorphism is a transitive relationship: if A is isomorphic
to B because by switching the positions of two subtrees below a node, the
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splitting tree of A can be transformed to that of B, and B is isomorphic to
C because by switching the positions of two subtrees below another node,
the splitting tree of B can be transformed to that of C, then A and C are
isomorphic. For example, in Fig. A.1(c), if we switch the positions of the
two subtrees under the right node “4”, we get the splitting tree in Fig.
A.1(d), and if we further switch the positions of the two subtrees under the
left node “4”, we get the splitting tree in Fig. A.1(e). From Fig. A.1(e),
if we switch the positions of the two subtrees under the right node “4”, we
get the splitting tree in Fig. A.1(f). Thus, Fig. A.1(c), (d), (e), and (f) are
isomorphic.

We can say that (2, 2, 1, 1, 1, 1) and (1, 1, 1, 1, 22) are isomorphic because
their splitting trees are isomorphic. And we can also say that (2, 1, 1, 2, 1, 1),
(2, 1, 1, 1, 1, 2), (1, 1, 2, 1, 1, 2), and (1, 1, 2, 2, 1, 1) are isomorphic for the same
reason. The bin allocation (2, 1, 1, 2, 1, 1), on the other hand, is not isomor-
phic to (2, 2, 1, 1, 1, 1). Note, in particular, that although both (2, 1, 1, 2, 1, 1)

and (2, 2, 1, 1, 1, 1) have two bins of size 2 and four bins of size 1, they are
not isomorphic.

If the FFT precedence graphs G1 and G2 isomorphic, then if a scheduling
algorithm can find the optimal schedule for G1, then the algorithm should
be able to find the optimal schedule for G2. In fact, the performance of the
scheduling algorithm does not change given the proper vertex relabeling.
Thus, in studying the general performance of scheduling algorithms, we
propose to focus on a set of non-isomorphic precedence graphs only so that
isomorphic graphs are not over-represented if there are certain FFT graph
structures with many isomorphic instances.

We denote the complete set of non-isomorphic FFT precedence graphs
by Fn, and we denote the cardinality of Fn by fn. We refer to the bin
allocations that lead to isomorphic FFT precedence graphs as isomorphic
bin allocations. Among isomorphic bin allocations, we only select one for our
experiments, as they make no difference in the optimality of a scheduling
algorithm. We refer to the selected bin allocation as the non-isomorphic
bin-allocation instance (non-isomorphic instance in short). We denote the
complete set of non-isomorphic bin-allocation instances for 2n subcarriers by
In. The elements in In map to the elements in Fn in a one-to-one manner,
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and the cardinality of In is also fn.
Another question is how to select an instance from a group of isomor-

phic bin allocations for inclusion in In. We can randomly select any of the
isomorphic bin allocations as it makes no difference in the optimality of a
scheduling algorithm. However, we are interested in a deterministic test
set. In this work, we select the “right heavy” bin allocation. In Fig. A.1,
subfigure (c), (d), (d), and (f) shows the splitting trees for isomorphic bin
allocations (2, 1, 1, 2, 1, 1), (2, 1, 1, 1, 1, 2), (1, 1, 2, 1, 1, 2), and (1, 1, 2, 2, 1, 1),
respectively. In each splitting tree, there are two subtrees that split a node
of “2” into two nodes of “1”. We select (2, 1, 1, 2, 1, 1) as the non-isomorphic
bin allocation instance to include in In because there are more leaf nodes to
the right in its splitting tree.



Appendix B

Recursion Function of fn

This appendix derives fn, the cardinality of Fn, or equivalently, the cardi-
nality of In. Let n = 2, it is easy to verify that f2 = 4. The following table
list the elements in I2.

Table B.1: Non-isomorphic instances for the fully packaged compact IFDMA
system with four subcarriers

Index Non-isomorphic Instance

0 I2(0) = (4)

1 I2(1) = (2, 2)

2 I2(2) = (2, 1, 1)

3 I2(3) = (1, 1, 1, 1)

We next explain how we obtain the non-isomorphic instances for n = 3,
i.e., the elements in I3. If there is only one IFDMA stream using up all
bins, the corresponding non-isomorphic instance is (8). In the splitting tree,
there is a root node “8” only. If there is more than one IFDMA stream,
then for the splitting tree, there are two subtrees under the root node “8”.
Each subtree can be thought of as an instance in I2. Thus, an instance in I3,
except (8), can be thought of as a combination of two instances in I2. We
can treat I2 as occupying a dimension on a two-dimensional grid, as shown
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in Fig. B.1. Each combination is one point on this two-dimensional space.
Fig. B.1 shows all possible combinations on the grid, where point (i, j)

represents the combination of I2(i) and I2(j). Note that each combination
in blue is isomorphic to a combination in red. Therefore, we only consider the
combinations represented by points in red and black to remove isomorphism
in I3. In other words, we include only the points in the upper-left triangle
of the grid.
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Figure B.1: An illustration of how non-single-stream non-isomorphic in-
stances for eight-subcarrier IFDMA is generated.

Summing up the single-stream case and the non-single-stream cases, f3
is then given by,

f3 = 1 + (1 + 2 + ...+ f2) = 1 +
f2(f2 + 1)

2
= 11. (B.1)

Table B.2 lists all the 11 non-isomorphic instances for n = 3.
The same procedure can be used to find In+1 from In. Thus, we have

fn+1 = 1 + (1 + 2 + ...+ fn) = 1 +
fn(fn + 1)

2
. (B.2)

In this way, we obtain fn with various n. We list f1 to f10 in Table B.3.
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Table B.2: Non-isomorphic instances for the fully packaged compact IFDMA
system with eight bins

Index Non-isomorphic Instance Index Non-isomorphic Instance

0 I3(0) = (8) 6 I3(6) = (2, 2, 2, 1, 1)

1 I3(1) = (4, 4) 7 I3(7) = (2, 2, 1, 1, 1, 1)

2 I3(2) = (4, 2, 2) 8 I3(8) = (2, 1, 1, 2, 1, 1)

3 I3(3) = (4, 2, 1, 1) 9 I3(9) = (2, 1, 1, 1, 1, 1, 1)

4 I3(4) = (4, 1, 1, 1, 1) 10 I3(10) = (1, 1, 1, 1, 1, 1, 1, 1)

5 I3(5) = (2, 2, 2, 2)

Table B.3: Number of non-isomorphic instances for n = 1, 2, ..., 10

n N fn n N fn

1 2 2 6 64 2598061

2 4 4 7 128 3.3750E + 12

3 8 11 8 256 5.6952E + 24

4 16 67 9 512 1.6218E + 49

5 32 2279 10 1024 1.3151E + 98



Appendix C

Test Set Generation Policy
for n ≥ 7

Note from Table B.3 that the number of non-isomorphic instances is not very
large for n ≤ 6. Therefore, when doing experiments to obtain (ηn,M , γn,M ),
we use In, the complete set of the non-isomorphic instance as the test set.
Specifically, we can store all the instances in In in our program (e.g., as an
array), and subject all the instances to the scheduling algorithm in a one-
by-one manner in our experiments. The statistics (ηn,M , γn,M ) can then be
obtained from the experiments.

For n ≥ 7, however, fn is so large that it is impractical to test all
the instances in In. Furthermore, even storing them in the program could
be problematic. Therefore, we consider a subset of In as the test set and
characterize (ηn,M , γn,M ) statistically. We denote the subset by I

′
n, and the

cardinality of I ′
n is written as f

′
n. In our experiments, we set f

′
n = ξ0 = f6

(i.e., we fix the cardinality of I ′
n to a constant ξ0 < fn) for all n ≥ 7

Next, we explain how we obtain the non-single-stream elements I ′
n+1 with

a recursive operation. We set the initial condition of the recursive analysis
as I ′

6 = I6 and f
′
6 = f6. In this way, in the two-dimensional grid representing

non-single-stream instances in the case of n+1 = 7, each dimension has the
complete set I6. We randomly select f

′
n = ξ0 points from the upper left

triangle of the two-dimensional grid I6 × I6 plus the bin allocation (27) to
form I

′
7. The f7 instances are selected with equal probability to form the f

′
7
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instances in I
′
7, the mechanism of which will be explained shortly.

For the two-dimensional grid I7 × I7 that represents the n+ 1 = 8 case,
I7 is so large that it is impractical to have the complete set of I7 in each
dimension. Therefore, we use I ′

7, the random subset described above in place
of I7 in each of the two dimensions. We then randomly sample f ′

n = ξ0 points
from the upper left triangle of the I

′
7 × I

′
7 grid to form I

′
8. In the case of

n + 1 = 9, we randomly sample from the upper left triangle of the I
′
8 × I

′
8

grid to form I
′
9, and so on and so forth.

Next, we present how we perform the random selection of instances from
the upper left triangle of I ′

n × I
′
n to form I

′
n+1, where n + 1 ≥ 7, to ensure

that the instances are generated with equal probability.
First, we consider the instance where there is only one IFDMA stream,

(2n+1) . With a probability of 1/fn+1 (note that this is 1/fn+1 rather than
1/f

′

n+1
), we generate the non-isomorphic instance (2n+1).

If the generation in the first step fails, we go to the non-single-stream
instances and generate an element in I

′
n+1 by combining I

′
n(i) and I

′
n(j).

In essence, we are trying to generate a duple (i, j) with constrains 1) 0 ≤
i ≤ f

′

n
− 1 and 2) i ≤ j ≤ f

′

n
− 1 with equal probability. We denote the

probability by a constant c, and we have

Pi,j = Pi · P j|i = Pi ·
1

f ′
n − i

= c, (C.1)

where Pi is the probability of a specific i value is selected between 0 and
f

′

n
− 1. After i is selected, P j|i denotes the probability of a specific j is

selected between i and f
′

n
− 1.

We know that there are altogether f
′
n

(
f

′
n + 1

)
/2 instances in the upper

left triangle of I ′
n×I

′
n grid that form the non-single-stream elements in I

′
n+1.

Normalizing the sum of the selection probabilities all instances to 1, we have

∑
i,j≥i

Pi,j =
∑
i,j≥i

Pi · P j|i =
f

′
n

(
f

′
n + 1

)
2

c = 1. (C.2)

Hence,
c =

2

f ′
n (f

′
n + 1)

. (C.3)
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and Pi can be therefore written as,

Pi = c
(
f

′
n − i

)
=

2
(
f

′
n − i

)
f ′
n (f

′
n + 1)

, i = 0, 1, ..., f
′
n − 1. (C.4)

After an integer between 0 and f
′

n
− 1 is assigned to i, with equal prob-

ability we select j between i and f
′

n
− 1. We have

P j|i =
1

f ′
n − i

, j = i, i+ 1, ..., f
′
n − 1. (C.5)

From the above equations, we can see that

f
′
n−1∑
i=0

Pi = 1 (C.6)

and ∑
i=0,...,f

′
n−1, j=i,...,f

′
n−1

P j|i = 1 (C.7)

are satisfied.
We now summarize how we generate (i, j) as follows:

1) We first generate an integer i between 0 and f
′

n
− 1 probability Pi =

2
(
f

′
n − i

)
/f

′
n

(
f

′
n + 1

)
(note: that means a larger integer has a smaller

probability of being assigned to i).

2) We then generate an integer j between i and f
′

n
−1 with equal probability

Pj|i = 1/f
′
n − i.

After we get (i, j), we can obtain an element of I ′
n+1 by combining I

′
n(i)

and I
′
n(j).
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Appendix D

Pseudo Code for MPS-FFT

Algorithm 1 MPS Algorithm (H = 4)
Input: IFDMA bin allocation {S0, S1, ...SR−1} and M

Output: Task schedule X = {χ0, χ0, ...χT−1} and T

1: t← 0 ▷ Algorithm initialization
2: (Ω, G(V,E), ⟨P1, P2, P3, P4⟩)← initialize func.
3: while G(V,E) ̸= ∅ do
4: u← 0

5: while (u < M and Ω ̸= ∅) do ▷ Vertex selection
6: vi,j ← argv∈Ω maxP (v)

7: χt . push(vi,j)

8: Ω . pop(vi,j)

9: if vi,j has companion vi′ ,j′ and vi′ ,j′ ∈ Ω then ▷ If vi,j is
selected, raise P2 of vi′ ,j′

10: P2(vi′ ,j′ )← 2

11: P (vi′ ,j′ )← priority scalar calculation func.
12: end if
13: u← u+ 1

14: end while ▷ End of vertex selection in one time slot
15: V . pop(elements in χt)

16: E. pop(output edges of the elements in χt)

17: Ω . push(new executable vertexes)

18: t← t+ 1

19: end while ▷ End of a time slot
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Algorithm 2 Priority Scalar Calculation
Input: IFDMA bin allocation {S0, S1, ...SR−1}
Output: Initialized (1)FFT precedence graph; (2)executable vertexes set

Ω; (3)priority vectors ⟨P1, P2, P3, P4⟩
1: G(V,E)← build FFT precedence graph with{S0...SR−1} ▷ See Chapter

2.2.3 on graph building
2: for i = log2N − 1; i ≥ 0; i-- do
3: for j = 0; j ≤ log2N − 1; j++ do
4: if vi,j ∈ V then
5: K(vi,j)← child of vi,j
6: ki,j ← cardinality ofK(vi,j)

7: if ki,j = 0 then
8: P1(vi,j)← 0

9: P2(vi,j)← 0

10: else
11: P1(vi,j)← 1 + max

vi+1,x∈K(vi,j)
P1(vi+1,x)

12: P2(vi,j)← 1

13: end if
14: P3(vi,j)← ki,j

15: P4(vi,j)← N/2− 1− j

16: end if
17: if i = 0 then
18: Ω . push(vi,j)

19: end if
20: end for
21: end for

Algorithm 3 Priority Scalar Calculation
Input: Priority vector ⟨P1(vi,j), P2(vi,j), P2(vi,j), P3(vi,j)⟩
Output: Priority scalar P (vi,j)

1: P (vi,j) =
H=4∑
h=1

(N/2)H−hPh(vi,j) ▷ see eq. (2.15)
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Appendix E

The Computation of IFDMA
FFT is Computation
Bounded

In this appendix, we compare the communication latency and computation
latency within an FPGA chip to illustrate how the computation time of an
FFT module dominates the overall processing latency.

Consider the XC7Z020 FPGA chip, a low-cost member of Xilinx’s Zynq-
7000 series that supports the AXI4 protocol for internal bus communication.
The AXI4 bus can accommodate a data width of up to 1024 bits and can
operate at frequencies as high as 400 MHz. In an ideal scenario, the the-
oretical bandwidth of the AXI4 bus is 1024 bits × 400 MHz = 51.2 GB/s.
In contrast, the output of a single butterfly computation is only eight bytes
(two complex numbers outputs of a butterfly computation, with each con-
sisting of a 16-bit real part and a 16-bit imaginary part). Under these ideal
conditions, transmitting the output of one butterfly computation to the
input of another butterfly computation in the next stage would take only
4 B÷51.2 GB/s = 0.078 ns. In more practical terms, typical communication
systems might use a 64-bit data width with a 250 MHz clock, resulting in
a bandwidth of 16 Gbps (2 GB/s). This setup increases the transmission
latency of a four-byte butterfly output to a more realistic 2 ns.

On the computational side, we examine an 8-point FFT implementation
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with a pipelined architecture, provided by Xilinx and synthesized on the
XC7Z020 chip. This FFT implementation, which is realized with Vivado
2018.3, requires approximately 240 µs to complete a computation task. The
pipelined 8-point FFT module has three processing elements, with the en-
tire precedence graph containing twelve butterfly computations. Adopting a
“top-down, left-to-right” scheduling policy, the pipelined module completes
a task in nine time slots, yielding a hardware efficiency of 12 ÷ (3 × 9) =

44.44%. Thus, each time slot – which includes both the inter-processor com-
munication and intra-processor computation – takes 240 µs ÷ 9 = 26.67 µs.

From this analysis, it is clear that the communication latency over the
internal AXI4 bus is negligible compared to the duration of a single time slot
(i.e., the combined communication and computation time). This finding sup-
ports our claim that FFT computation in compact IFDMA is computation-
bound rather than communication-bound.



Appendix F

CFO’s influence on
autocorrelation

This appendix explains how CFO affects the autocorrelation of a general m-
STS preamble sequence. The transmitted sequence is an m-STS preamble
that follows:

s[n] = s [n+ η] = ... = s [n+ (m− 1)η] (F.1)

The received signal at the receiver is given as y[n] =
√
Ps[n] + w[n]. A

possible treatment of y[n] for packet detections with the m-STS preamble is
to divide the preamble sequence into m/2 pairs, with each pair containing
two adjacent STSs. In this way, we use the average autocorrelation of these
m/2 pairs of STSs as the packet-detection metric, which is1

am[n]=
1

m/2

m/2−1∑
i=0

a[n+ 2iη]=
2

mη

m/2−1∑
i=0

η−1∑
k=0

y[n+2iη+k]y∗[n+(2i+1)η+k]

(F.2)
where a[n] in the first line is given in (3.2).

To better isolate the effect of CFO, let us assume the noiseless case in
this appendix (i.e., w[n] = 0). We start with the ideal case without CFO,
for which we have

y[n]=
√
Ps[n] ⇔ y[n]=y [n+η] =...=y [n+(m−1)η] (F.3)

1We note that this may not be the only possible way to extend the treatment of a 2-STS
preamble to a general m-STS preamble. A detailed introduction of possible treatments is
given in [12]. Here we just choose a classic treatment to showcase the influence of CFO.
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Substituting (F.3) to (F.2), we have the autocorrelation as

am[n] =
2

mη

m/2−1∑
i=0

η−1∑
k=0

|y[n+k]|2 = P

η

η−1∑
k=0

|s[n+k]|2 (F.4)

We next take CFO into consideration. Let us first assume that the gap
between XOs at the transmitter side and the receiver side is ϵ ppm. For
example, if the measured frequency of the transmitter XO shifts from the
rated value by +1 ppm, while that of the receiver XO shifts from the rated
value by -4 ppm, then we have ϵ = +5 ppm. Suppose that the frequency
of the RF signal is fRF Ghz, and the sampling period of the ADC at the
receiver is TS milliseconds. Due to CFO, sample n of the received signal is
multiplied by ejnα, where α = 2πϵTSfRF [91]. Therefore, given a m-STS
preamble, for the substitution into (F.2), CFO dictates that

y[n+ (2i+1)η] =
√
P · s[n+ (2i+1)η] · ej(n+(2i+1)η)α

= y[n+ 2iη] · ejηα, i = 0, ...,m/2− 1
(F.5)

Substituting (F.5) into (F.2), we have

am[n]= 2
mη

m/2−1∑
i=0

η−1∑
k=0

y[n+2iη+k]y∗[n+(2i+1)η+k]

= e−jηα · 2
mη

m/2−1∑
i=0

η−1∑
k=0

|y[n+ k]|2

= e−jηα · P
η

η−1∑
k=0

|s[n+ k]|2

(F.6)

Comparing (F.4) and (F.6), we see CFO causes am[n] to have a phase
term of e−jηα. Without CFO, a[n] is a real number. As CFO increases, part
of the signal in a[n] disperses to the imaginary part after the phase rotation,
making Re(a[n]) smaller and Im(a[n]) larger.

We next give a concrete example of the practical insignificance of CFO.
We assume a 2.4GHz WiFi system with a XO shift of ϵ = +5 ppm (which
is the worst case as discussed in Fig. 3.7) and 20MHz bandwidth, we have
TS = 1/20MHz = 5 · 10−5 ms. This gives α = 2π · 0.0006, which means the
rotation per sample is 0.0006 ·360 = 0.216 degrees. If we further have η = 16

as defined in the IEEE 802.11 standard [65], the phase rotation in am[n] is
ηα = 16 · 0.216 = 3.456 degrees and e−jηα = 0.9982 − 0.0603i, which is a
relatively insignificant phase shift as far as communications are concerned.



Appendix G

The Optimal
packet-detection threshold

This appendix presents a general methodology for selecting the packet-
detection threshold ρ. To begin with, we formulate the general performance
metric of our RP-S&C scheme as,

Pgen = αFAPFA + αMDPMD (G.1)

where PFA and PMD denote the false-alarm and missed-detection probability
given in (3.31) and (3.30), respectively. Further, αFA and αMD are the
weights of PFA and PMD, respectively. Without loss of generality, we assume
that

αFA + αMD = 1, αFA > 0, αMD > 0 (G.2)

Apart from the constraint in (G.2), we also consider the practical con-
straint we put forth in Chapter 3.4.2, which is

PFA ≤ Pmax
FA and PMD ≤ Pmax

MD (G.3)

where Pmax
FA and Pmax

MD are the maximum false-alarm and missed-detection
probability allowed in the studied CSMA system. In Chapter 3.4.2 of the
manuscript, we assume 10−6 and 10−4 for Pmax

FA and Pmax
MD , respectively. In

essence, we are making a trade-off between “lower PFA” and “lower PMD” by
adjusting the setting of ρ. In (G.1), the setting of αFA and αMD represents
the relative importance of “lower PFA” versus “lower PMD”.
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We next explain how to find the packet detection threshold ρ given the
target function in (G.1), the Pareto curve of the selected packet-detection
scheme, and constraints of the optimization problem given in (G.2) and
(G.3).

With the definition of Pgen in (G.1), we see that the original multi-
objective optimization problem (i.e., lower PFA and lower PMD) is equivalent
to the minimization of Pgen, which is an easier single-objective optimization
problem. To visualize how we find the optimal Pgen, we rewrite (G.1) as

PMD = − αFA

αMD
PFA +

1

αMD
Pgen (G.4)

We can interpret (G.1) as a straight line, where PFA and PMD denote
the x-axis and y-axis, respectively, and the slope of the line is −αFA⁄αMD.
In this regard, the optimization problem defined above now becomes a linear
programming (LP) problem [92]. We explain the LP problem and solve it as
follows. In Fig. G.1 below, we plot 1) an example Pareto curve of a studied
packet detection scheme, and 2) straight lines obtained according to (G.4)
with different Pgen applied.
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Figure G.1: How the LP problem could be solved.

Given the Pareto curve and these straight lines, we are interested in
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minimizing Pgen, which, according to (G.4), means we want a feasible line
that has the smallest intercept. We note that Pgen is infeasible for the
studied packet detection scheme if the corresponding straight line does not
touch the Pareto curve (e.g., Line 1), as no valid point (PFA, PMD) exists.
If we further lower the straight line by setting a smaller Pgen, we will have
Line 2, the tangent of the Pareto curve. At this point, the desired Pgen

becomes reachable.
We can further lower the straight line until we meet the boundary of

the constraints (see (G.2) and (G.3) for the constraint). In Fig. G.1, the
smallest Pgen is obtained when we have Line 3, which intersects the Pareto
curve at the constraint boundary of PFA ≤ Pmax

FA = 10−6.



Appendix H

Packet Detections in Slow
Fading Environments

This appendix investigates the packet detection process of an individual
packet in the most common fading scenario in practice [93]. In slow fading,
which is also known as block fading, the channel remains constant through-
out the duration of a packet, although it may vary from packet to packet.
We denote the constant phase shift of a packet by θ. For analysis purposes,
we rewrite y[n] as y[n] =

√
Ps[n]ejθ.

The above formulation focuses on the fading phase only. For detailed
analysis about the influence of CFO and channel noise, see our discussions
in Chapter 3.2.4 and Appendix F for more details. With y[n] we have

a[n] =
1

η

η−1∑
k=0

(√
Ps[n+k]ejθ

)(√
Ps∗[n+η+k]e−jθ

)

=
1

η

η−1∑
k=0

P · s[n+ k] · s∗[n+ η + k]

(H.1)

b[n] =
1

η

η−1∑
k=0

(√
Ps[n+k]ejθ

)(√
Ps∗[n+k] · e−jθ

)

=
1

η

η−1∑
k=0

P · s[n+ k] · s∗[n+ k]

(H.2)

We see from the above that, as far as the detection of an individual packet
is considered, the constant phase caused by slow fading has no influence on
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the calculation of a[n] and b[n] for that packet, as ejθ in y[n + k] and e−jθ

in y∗[n+ η + k] or y∗[n+ k] cancel each other.



Appendix I

Pareto Comparison versus
Classification

We first formulate the binary classification treatment as follows. Suppose
that we collect a dataset X, which contains two types of samples: 1) Packet
present 2) Packet absent. Given a testing sample, a packet detection scheme
may claim packet detection or no packet detection, dividing the dataset into
four types: 1) there is a packet, and the scheme successfully detects it; 2)
there is a packet, but the scheme misses its detection; 3) there are no packets,
but the scheme falsely claims that there is a packet; 4) there are no packets,
and the scheme correctly deduces that there is no packet. For simplicity,
we use α to represent the existence of a packet, i.e., α = 0 for no packet
and α = 1 for the existence of a packet. And we use β to denote whether
the scheme claims the detection of a packet, i.e., β = 1 and β = 0 for the
receiver claiming the detection of a packet or not.

In the above analysis, Cases #2 and #3 are undesirable. The perfor-
mance measure for this binary classification treatment can be a weighted
sum of their probabilities, which is,

M = a · Pr{α = 1 and β = 0}+ b · Pr{α = 0 and β = 1}

= a · Pr{α = 1} · Pr{β = 0 | α = 1}+ b · Pr{α = 0} · Pr{β = 1 | α = 0}
(I.1)

Given an arbitrary fixed dataset, Pr{α = 1} and Pr{α = 0} are constant
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values. Therefore, we can write M as,

M = c · Pr{β = 0 | α = 1}+ d · Pr{β = 1 | α = 0} (I.2)

where
c = a · Pr{α = 1} and d = b · Pr{α = 0} (I.3)

We explain below that if a packet detection scheme A is Pareto-superior
to packet detection scheme B, then regardless of c and d, it is superior to
scheme B in terms of the binary classification measure M , i.e., MA < MB.

Let us write the classification performance measures of schemes A and
B as follows:

MA = c · PrA{β = 0 | α = 1}+ d · PrA{β = 1 | α = 0} (I.4)

and
MB = c · PrB{β = 0 | α = 1}+ d · PrB{β = 1 | α = 0} (I.5)

With (I.4) and (I.5), we have

MA −MB =c · (PrA{β = 0 | α = 1} − PrB{β = 0 | α = 1})

+ d · (PrA{β = 1 | α = 0} − PrB{β = 1 | α = 0})
(I.6)

The assumption of “scheme A is Pareto-superior to scheme B” is equiv-
alent to the following statements：

Statement One: if schemes A and B can achieve the same missed-
detection probability by adjusting their respective detection thresholds, then
A has lower false-alarm probability, i.e., given PrA{β = 0 | α = 1} =

PrB{β = 0 | α = 1}, we have PrA{β = 1 | α = 0} < PrB{β = 1 | α = 0}.
Statement Two: if schemes A and B can achieve the same false-

alarm probability by adjusting their respective detection thresholds, then
A has lower missed-detection probability, i.e., given PrA{β = 1 | α = 0} =

PrB{β = 1 | α = 0}, we have PrA{β = 0 | α = 1} < PrB{β = 0 | α = 1}.
We prove MA −MB < 0 by substituting either Statement One or State-

ment Two into (I.5).
For the above analysis, we see that Pareto superiority is a stricter form of

superiority. This superiority is independent of the testing dataset’s a priori
probability on the existence (or absence) of a packet, i.e., specific values of
Pr{α = 1} and Pr{α = 0}.
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